Mathematica 11.3 Integration Test Results

Test results for the 178 problems in "7.6.1 u (a+b arccsch(c x))*n.m"

Problem 19: Result unnecessarily involves imaginary or complex numbers.

(a+bArcCsch[cx] )2
J dx

X
Optimal (type 4, 81 leaves, 6 steps):

(a+bArcCsch[cx] )3
3b

- (a+bArcCschcx] )2 Log[1 - e2Arccsehiex)] _
1

b (a+bArcCsch[cx]) PolyLog|2, e?Arccschlcx]] . = b2 polylog|3, e?Arccschicx] |
2

Result (type 4, 121 leaves):
aZlog[cx] +
ab (-ArcCsch[cx] (ArcCsch[cx] +2Log[1-e2Amshicx] ) o polylog|2, e 2Arecsehiex] )

1
—b? (-i 7+ 8ArcCsch[cx]®- 24 ArcCsch[c x]? Log[1 - e2Arecsehlex] |
24

24 ArcCsch[c x] Polylog|[2, e*Arcschl<x]] 4 12 Polylog[3, e?Arecschicx])
Problem 25: Result more than twice size of optimal antiderivative.
sz (a+bArcCschlcx] )3 dx

Optimal (type 4, 194 leaves, 11 steps):

b /1+ % x*(a+bArcCschicx])?
b?x (a+bArcCschcx]) ?x

+ +
c? 2c

1 , b (a+bArcCsch[cx])?ArcTanh[eArccschicx] ]
=x* (a+bArcCsch[cx])” - ;
3 C

+

b*>ArcTanh| [1+ 3 |

2 x?

b? (a+bArcCsch[cx]) PolyLog[2, -ehrecschicx] |

4
c3 c3

b2 (a +bArcCschc x] ) PolylLog [2, eArcCsch(cx] ]

+
c3

b3 PolyLog [3, _ @ArcCschcx] ] b3 PolyLog [3’ @ArcCschicx] ]

c3 c3
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Result (type 4, 548 leaves):

2,2
az b X2 1+cx
a3 x3 c*x?

* +a?b x> ArcCschcx] -
3 2¢
a2bLog[x 1+J§J}

+ ab? SPOlyLOg[Z, _e—Ar‘cCsch[cx]] +
2¢3 8 c3
3 ArcCsch[c x] Log [1 _ @-ArcCschicx] ]
2c*x? |-2+4ArcCschcx]?+2Cosh[2ArcCsch[cx]] - +
C X

3ArcCschicx] Log[1+eArceschiex] | 4 polylog[2, e Arccschicx] ]

.
c X 3 x3
2 ArcCsch(c x] Sinh[2ArcCsch[cx]] +ArcCsch[c x] Log[1 - e Arecsehiex] |

Sinh[3 ArcCsch[cx]] - ArcCsch[c x] Log[1 + e Areschiex] ] sinh[3 ArcCsch(c x] ] J ] +

1 1
; b* |24 ArcCsch[c x] Coth[ = ArcCsch[c x] | - 4 ArcCsch[c x]3 Coth| = ArcCsch[cx] | +
48 c 2 2

ArcCsch[c x]3 Csch[iAr‘cCsch [cx] ]4

1 2
6 ArcCsch[c x]2 Csch| = ArcCschcx] | + +
2 cX

24 ArcCschcx]? Log[1 - e Areesehex) | _ 24 ArcCschc x]? Log[1 + e Areesehiex) |

1

48 Log[Tanh|[ = ArcCsch[cx] || + 48 ArcCsch[c x] Polylog|2, - e Areeschiex]]
2

48 ArcCsch[c x] PolylLog |2, e Arecschicx]] ;48 polylog|3, - e Arecschiex]| _

1
48 Polylog[3, e Arecschicxl] 4 6 ArcCsch[c x]2 Sech| = ArcCsch[c x] }2 +
2

3.3 3 ¢4 1 4
16 ¢ x> ArcCsch[c x]2 Sinh[ = ArcCsch[c x] |
2

1 1
24 ArcCsch[c x] Tanh|[ = ArcCschcx] | + 4 ArcCsch[c x]? Tanh| = ArcCsch[c x] |
2 2

Problem 27: Result more than twice size of optimal antiderivative.

J(a +bArcCsch[c x] )3 dx

Optimal (type 4, 120leaves, 9 steps):
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; 6b(a+bArcCsch[cx] )ZAr‘cTanh[eA"CCSCh[CX]]
x (a+bArcCschicx])” + +
c

6 b2 (a+bArcCsch[cx]) Polylog|2, -ehrecschicx] |

c
6 b2 (a+bArcCschcx]) Polylog[2, eArecschicx] |

C
6 b3 PolylLog [3, _ ghreCschcx] } 6 b3 PolyLog [3, @ArcCschcx] ]
+

C C

Result (type 4, 246 leaves):

3a2bLog[cx{1+ /%]] .

a®x+3a%bxArcCsch[cx] + +
c c
3ab? (ArcCsch[cx] (cxArcCschcx] -2 Log[1- e Arcsehicx] ;o Log[1 + e Arceschlex]])

1
2 Polylog|2, —eArecschiexl] 1 2 polylog |2, e Arecschiexl | ) 4 —p3
C

(cxArcCschcx]? -3 ArcCsch[cx]? Log[1 - e r<shex] ] 4 3 ArcCsch[c x]? Log[1 + e Arecsehlex] | -
6 ArcCsch[c x] Polylog[2, —eArecschiex]] ;g ArcCsch[c x] Polylog[2, e Arcesehiex)]
6 PolyLog [31 _ @ ArcCschicx] ] + 6 PolylLog [3, @ ArcCschcx] } )

Problem 28: Result unnecessarily involves imaginary or complex numbers.

(a+bArcCsch[cx])?
J dx

X
Optimal (type 4, 110leaves, 7 steps):

(a+bArcCschicx])*
4b

- (a+bArcCsch[cx])? Log[1 - e?Arecschlex] ] _

b (a+bArcCsch[cx])?PolyLog|2, e?Arccschicx] |

N W N W

3
b? (a+bArcCsch[cx]) PolyLog|3, e2Arcschiex] | . b® PolyLog[4, e?Arccschicx] ]

Result (type 4, 213 leaves):

a’Llog[cx] +

3

) (—Ar‘cCsch [c X] (Ar‘cCsch [cx] +2Log [1 ~ @ 2ArcCschicx] ] ) +Polylog [2, @ 2ArcCschicx] ] ) +

2

1
—ab? (-in’+8ArcCsch[cx]®-24ArcCschcx]? Log|1- e2Arecsehlex]] _
8

24 ArcCsch[c x] PolyLog[2, e?Arecsehiexl] 4 12 polyLog|3, e?Arecschicx | ) -
1
— b? (n* - 16 ArcCsch[c x]* + 64 ArcCsch[c x]? Log [1 - g2ArcCschiex]]
64

96 ArcCsch[c x]2 Polylog|2, e?Arecschiex]] _

96 ArcCsch[c x] Polylog |3, e*Arcschlcx]] . 48 Polylog|4, e?Arccschicx])
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Problem 48: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+bArcCsch[cx]
J dx

d+ex

Optimal (type 4, 215leaves, 4 steps):

(e7 CZ dz+ez eAr‘cCsch[cx}
(a+bArcCsch[cx]) Log[1- ]
cd N
e
e+\/m eAr‘cCschjc x]
(a+bArcCschcx]) Log[1 - ]
cd B
e
ei\/m eArcCsch[cx]
(a+bArcCsch[cx]) Log[1 - e?ArcCschicx] | bPolyLog|2, = ]
+ +
€ e
e+/ c2 d2+e2 | gArcCschicx]
b PolyLog [2, oa ] b PolyLog {2’ @2ArcCschcx] }
e . 2e

Result (type 4, 506 leaves):
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alog[d+ex] 1

+—b |7m®-41imArcCsch[cx] -8ArcCschcx]?-
e 8e
141
cd (J‘lcd+e)Cot[i(ﬂ+2]’1ArcCsch[cx]H
32 ArcSin[ ————| ArcTan| |-
V2 V2 d? + e?
(7e+“’c2 d2+e2 ) eAr‘cCsch[cx]
8 ArcCsch[cx] Log[1 - e 2Arccschlex] ] 4§ it Log[1 + ] +
cd
1. Le
(_e+4/c2 d2+e2 ) eAr‘cCsch[cx] + cd
8 ArcCsch[c x] Log[lJr }+16jAPCSin[7}
cd A/ 2

(_e+4/cz d2+e2 ) eAr‘cCsch[cx] (e+*/c2 d2+e2 ) eAr‘cCsch[cx]

Log[1 + ] +4irLog[1- ]+
cd cd
(e Ve g v e? | ehrecsehien R
8 ArcCsch[c x] Log[l— ]—161’1Ar‘csin[7]
cd V2

(e+m> @ArcCschicx] g
| -4irLogle+ —] +4PolyLog|2, e

Log[l—
cd X

-2 ArcCsch[cx] ] i

_ 4/ c2 dz N e2 ) <EAr‘cCsch[c X] (e 4 ﬂ/cz d2 4 e2 ) eAr‘cCsch[c X]
| +8PolyLog|2,

e
8 Polylog|2, (
cd cd

]

Problem 51: Result unnecessarily involves imaginary or complex numbers.

sz Vd+ex (a+bArcCschicx]) dx

Optimal (type 4, 913 leaves, 31 steps):
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4b~/d+ex 1+c2x2) 8bdvd+ex (1+c2x?) 2d?(d+ex)>? (a+bArcCschicx])

+ —

3e3
35¢3 » 105c3e oo
4d (d+ex)>? (a+bArcCschicx]) 2 (d+ex)’? (a+bArcCschicx])
N _
5e3 7 e3
2 Nawsy
4bcd*+/d+ex /1+c?x? EllipticE[ArcSin| ! ¢ X],— 2V e }/
N2 c2d-+-c? e
2 (d
35 (-c2)¥2e? |1+ Loy < (d+ex] +

22
o X c2d-+/-c? e

—\/?x] B 2+/-c2 e ]/

4bc (2c*d®*+9e’) d+ex /1+c?x® EllipticE|ArcSin| s
V2 c2d-+-c2 e

2 (d
105 (-c2)2e? 1+ Lo, | cldrex)

2 2
X c2d-+v-c? e

2 _ _ 2 A/ _ 2
C—«/1+c2x2 EllipticF [ArcSin| ! < X],— G ]/

2 c2d-+/-c? e

32bcd?

4bcd (c2d2+e2)

24/7 2
—#] / 105(—c2>5/2e2 xvdrex | -
c2d-+/-c? e

A -c?2 (d A2
32bd* & \/1+c?x? EllipticPi[2, ArcSin] ! ¢ x | 2e ] /
V-c?2 d+e N2 V-c? d+e

XxVd+ex

105 c 3

Result (type 4, 483 leaves):
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2be?

x+/d+ex 2d+3ex)

; avd+ex <8d3—4d2ex+3de2x2+15e3x3)+
105 e

bvd+ex (8d>-4d*ex+3de’x*+15e’x*) ArcCsch[cx] +

e (-i+cx) 7e(j1+cx)

2b |- (-5ic?d®+5c2d*’e-9icde’+9e®) EllipticE|

cd+1e cd-1e

i ArcSinh| Vd+ex | }+(—41‘1c3d3—5c2d2e+8icde2—993)
cd—ne cd+ie
cd-1ie
E111pt1cF Ar‘c51nh \/d+ex ! }+
cd—ne cd+ie

i cd-ie
8i cd?EllipticPi[1- —, i ArcSinh| Vd+ex | ! —]
cd cd—le cd+ie

Problem 52: Result unnecessarily involves imaginary or complex numbers.

JX\/d+eX (a+bArcCsch[cx]) dx

Optimal (type 4, 679 leaves, 24 steps):

| 7
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a4b+/d+ex (1+c2x?) 2d(d+ex)>? (a+bArcCschicx]) 2 (d+ex)>? (a+bArcCschicx])

+ +
362 5e2
15¢3 1+ x
c° X
1-+/-¢? x 2+/-c? e
8bcd+vVd+ex \/1+c72x2EllipticE[Ar‘cSin[ ], - ]/
V2 c2d-+/-c? e
c? (d+ex)
X | —————— | _
c2d-+-c? e
1-+V-¢? x 24/-c? e
—————— +/1+c?x? EllipticF[ArcSin] ], - }/
V2 c2d-+/-c? e

A -c?2 (d NERV P
8bd? & \/1+c*x? EllipticPi[2, ArcSin]| ! < X} 2e ]/

3
V-c2 d+e 2 V-c2 d+e

Result (type 4, 418leaves):
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xVd+ex
avd+ex (-2d?+dex+3e?x?)
e? :
2b+/d+ex (-2d?+dex+3e?x?) ArcCsch[cx] 4ib e (-i+cx) e (i+cx)
+ |41 - -
e? cd+ie cd-1ie

cd-1ie
2cd (cd+ie) EllipticE[i ArcSinh| Vd+ex | ! — ]
Cd*le cd+ie
2 cd-1ie
(c d 21cde+e)E111pt1cF ]lAf‘CSlnh \/d+ex ]—
cd—ne cd+1ie

' cd-ie
2 c2d? E1lipticPi[1- —, i ArcSinh| Vd+ex cd-ie; /
cd Cd—ne cd+ie

Problem 53: Result unnecessarily involves imaginary or complex numbers.

\{Vd+ex (a+bArcCsch[cx]) dx

Optimal (type 4, 429 leaves, 15 steps):

| 9
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2 (d+ex)3/2 (a+bArcCschlcx])

+

3e
_ A/ —c2 Ny
cVd+ex \/1+c*x? EllipticE [ArcSin] ! < X},— 2V e ]/
N2 c2d-+-c2 e
3(-c)*2 |1 1 N
c? x?

d 1-+/-¢2 2+/_¢2

AreX  Jiiex EllipticF [ArcSin| X ], - <€ ] /
e

V2 c2d-+/-c? e

1

xvVd+ex | -

1+

c? x?

V-2 (d -/ -c?
4bd2 V- (drex) \J1+c2x? EllipticPi[2, ArcSin| ! <X B 2¢ ] /
Vo dve vz Voct dye

Result (type 4, 329 leaves):

1,1, (d+ex)*?+b (d+ex)*?ArcCschcx] +

3e
c
(icd-e) EllipticE[i ArcSinh| [-———— ~/d+ex |,
cd-ie
cd-1ie cd-1ie
——— |+ (-2icd+e) EllipticF|i ArcSinh| Vdrex |, ———] +
cd+ie cd—le cd+1ie
C e . i cd-1e
icdEllipticPi[1- ——, i ArcSinh]| Vdrex |, ———] /
cd cd—]le cd+ie

e(—j1+cx) e(i+cx)
2b |- -
cd+ie cd-1e
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Problem 56: Result unnecessarily involves imaginary or complex numbers.

J(d+ex)3/2 (a+bArcCsch[cx]) dx

Optimal (type 4, 486 leaves, 22 steps):
4be~/d+ex (1+c2x?) 2 (d+ex)*? (a+bArcCschcx])

+

S5e
15¢3 [1+ - x
c° X
1-+/-¢? x 24/-c? e
28bcd/d+ex /1+c?x? EllipticE[ArcSin| ], - ] /
V2 c2d-+/-c? e
1
15 (-¢?)*? 1+ -
2 x?

2

d+e 1-+V-c 2+-c? e
+—EX \/1+c?x? EllipticF|ArcSin| X ] - ] /
d+ A\ 2 c2d-+V-c% e

4bc (2c2d2—e2)

_c2

1

xvd+ex | -

c? x?

A -c?2 (d 1 A2
4bd3 w \/1+c?*x? EllipticPi[2, ArcSin] ! < X] 2e ]/

B
V-c2 d+e 2 V-c2 d+e
5ce |1+ xvVd+ex
c? x?

Result (type 4, 380leaves):
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2be? [1+ - xVd+ex

2 +3a(d+ex>5/2+
15e C

e (-i+cx _e(i+cx)

3b (d+ex)*?ArcCschicx] + [2ib |-
cd+1ie cd-1ie

cd-1ie
7cd (cd+ie) EllipticE[i ArcSinh| Vd+ex | ! — ]
Cd*le cd+ie
2 cd-1ie
( 9c?d’-7icde+e? ) E111pt1cF 1Ar‘c51nh \/d+ex ]+
cd—ne cd+ie

' cd-ie
32 d? EllipticPi[1- —, i ArcSinh| Vdrex | cd-ie; /
cd Cd—ne cd+ie

Problem 57: Result unnecessarily involves imaginary or complex numbers.

jx3 (a+bArcCsch[cx])
dx

\Vd+ex
Optimal (type 4, 939 leaves, 27 steps):
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4b+d+ex (1+c?x?) 4bdvd+ex (1+c?x?)

35c3e |1+ 21c3e? |1+ x
c X o X

2d>\/d+ex (a+bArcCsch(cx]) 2d?(d+ex)*? (a+bArcCschicx])

+ —

et et
6d (d+ex)*? (a+bArcCsch[cx]) 2 (d+ex)’? (a+bArcCsch[cx])
+ +
5e* 7 e*

1/1_“/_2 24/ -c?
24bcd?/d+ex +/1+c?x?* EllipticE[ArcSin| ¢ X},_ <€ ]/
N2 2d-+/-c? e

35 (-c?)?%e® |1+ SR Rl CECL) B
2 x? c2d-+v-c? e

Ji-voa x —
abc (2c2d?+9e?) vdrex +/1+c2x? EllipticE[ArcSin| ! \/TX]J, 27/ e ]/
V2 c2d-v-c e

105(—c2)5/2e3 1+ ! X ¢ (drex) -
c* x? c2d-+-c? e

2 Nawsy
\/1+c?x? EllipticF[ArcSin| ! S ], - 2V e ]/
N2 c2d-+/-c2 e

32bcd (c?d?*+e?)

2+/-c? e
B 105 (- c?
czd—\/—cze]/ <C>

Vv-c2 (d+ex 1-v-¢? 2
64 b d* # AJ1+c?x? EllipticPi|2, Ar‘CSin[ Vot x ]: - } /
VT dre V2 Voctdee

xVd+ex

35 ce?

Result (type 4, 485 leaves):
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1
105 e*

2be?

xVd+ex (—5d+3ex)

+3avd+ex (—16d3+8d2ex—6de2X2+5e3x3> +

3bvd+ex (-16d>+8d*’ex-6de’x*+5e’x’) ArcCschcx] +

e(fjucx) e(]'1+cx)
2b | - -
cd+ie cd-1ie

i ArcSinh| Vd+ex | }+(24ic3d3+16c2d2e+Jicde279e3>
cd—]le cd+1e
cd-1ie
EllipticF[i ArcSinh] Vdiex |, ———] -
cd—le cd+ie

i cd-1ie
48 i ¢ d® E1lipticPi[1- —, i ArcSinh| Vdrex |, ———]
cd cd—le cd+ie

Problem 58: Result unnecessarily involves imaginary or complex numbers.

(161 c>d®-16c?d*e-9icde’+9e®) EllipticE|

sz (a+bArcCsch[cx]) .
X

\Vd+ex
Optimal (type 4, 707 leaves, 20 steps):
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4b+d+ex (1+c?x?) 2d?+d+ex (a+bArcCschlcx])

+ —
3

e
1

CZ XZ

15c3e |1+

X

4d (d+ex)*? (a+bArcCsch(cx]) 2 (d+ex)>? (a+bArcCschicx])

+ —

3¢3 5e3
1_4/_ 2 24/_ 2
4bcd-/d+ex mEllipticE[Ar‘cSin[ ¢ X ], - <€ ] /
V2 c2d-+/-c? e
1 c? (d+ex)

2 2
X c2d-+/-c? e

2 (d A2 2
ﬂ \/1+c*x* EllipticF [ArcSin| ! ©x ]s - CR ] /
c2d-+/-c? e N2 c2d-+-c? e

32bcd?

2+/-c? e ]
c2d-+-c% e

A -c2 (d 2
32bd? & \J1+c2x? EllipticPi|2, ArcSin| ! ¢ x !> 2e ] /
V-c?2 d+e N2 V-c2 d+e

Result (type 4, 419 leaves):

| 15
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2be?

xVd+ex

an+ex(8¥—4dex+3¥xﬂ+

15@

bVd+ex (8d*-4dex+3e*x’) ArcCsch[cx] + (2b cef-ixex) | efivcx]
cd+ie cd-ie

cd-1ie
3cd (-icd+e) EllipticE|i ArcSinh| Vd+ex | ! — ]
cdfne cd+ie
2 cd-1ie
(-4ic®d®*-3cde+ie?) EllipticF[i ArcSinh| Vdrex |, ——] +
cd—le cd+ie

' cd-ie
81 c?d?EllipticPi[1- ——, i ArcSinh]| Jd+ex cd-iey /
cd Cd*le cd+ie

Problem 59: Result unnecessarily involves imaginary or complex numbers.

J~x<a+bArcCsch[cx]) ;
X

\Vd+ex
Optimal (type 4, 474 leaves, 14 steps):
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2d+/d+ex (a+bArcCsch(cx]) 2 (d+ex)*? (a+bArcCsch[cx])

+ +
e? 3e?

-/-c? x Zme]/

cVd+ex \/1+c?x? EllipticE[ArcSin| ! |, -

V2 c2d-+/-c2 e
3(-c?)?e |1+ 1, | ldrex)
c? x? c2d-+-c? e

2 (d A2 NPy
ﬁ \/1+c*x* EllipticF[ArcSin| ! <X ]s - 2Vt e ] /
c2d-+/-c? e N2 c2d-+/-c% e

8bcd

xvVd+rex |+

3 (7c2)3/2e

2

V-c (d+ex) o i 1-+-c? x 2e
8bd? | ——— 1 mElllptlcpl[Z, ArcSin| |, ] /
V-c2 d+e N2 V-c2 d+e

Result (type 4, 343 leaves):

i2 a (—2d+ex) Vd+ex +

3 e?

cd+1ie cd-1e

cd-1ie
(icd-e) EllipticE|i ArcSinh| Vd+ex | ! —— |+ (icd+e)
cd—le cd+ie
cd-1ie i e
E111pt1cF Ar‘c51nh \Vd+ex ! } -21cdEllipticPi [1 - L,
Cd*le cd+ie cd

cd-ie
i ArcSinh| Vd+ex | ! —] / 2 |-—
cd—le cd+ie

Problem 60: Result unnecessarily involves imaginary or complex numbers.

b (-2d+ex)vd+ex ArcCsch[cx] + 2b\/_e(1+cx) \/—e(lJrcx)

Ja +b ArcCsch[c x]
X

Vd+ex
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Optimal (type 4, 284 leaves, 9 steps):
2+v/d+ex (a+bArcCschlcx])

+

d 1-/-¢2 2+ -¢c?
+7eex \/1+c?x? EllipticF[ArcSin| S ], - < ° ] /
d+ N2 c2d-+/-c2 e

-C

1

(—C2)3/2 1+

xvVd+ex | -

c? x?

-c? (d -V-c?
4bd &JlJrczxz EllipticPi[Z,Ar‘cSin[ ! \/TX], 2¢ }/

\V-c2 d+e \/? V-c2 d+e
1
ce |1+ xVd+ex
c? x?

Result (type 4, 250 leaves):

1 e(-i+cx e (1+cCcx
~2 |av/d+ex +b+d+ex ArcCsch[cx] - Zjb\/— < ) \/— < )

e cd+ie cd-1ie

ie
EllipticF[i ArcSinh]| Vd+ex | ]—Elllptlcpl[l oY
cd—ne cd+ie
C cd—'e
i ArcSinh| |- Vdrex |, =
cd-1e cd+1'1e cd-ie c2 x?

Problem 63: Result unnecessarily involves imaginary or complex numbers.

JXS (a+bArcCsch[cx]) 5
X

(d+ex)3‘/2

Optimal (type 4, 731 leaves, 23 steps):
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4b+/d+ex (1+c?x?) 2d® (a+bArcCschicx]) 6d*+/d+ex (a+bArcCschlcx])

+ + -

4
) e*+/d+ex e

X

15c3e? 1+

CZ X2

2d (d+ex)*? (a+bArcCsch[cx]) 2 (d+ex)*? (a+bArcCsch[cx])

+ —

et 5 e’
A/ -c? N
32bcd+/d+ex mEllipticE[Ar‘cSin[ ! ¢ XL_ 2V-c e ]/
V2 c2d-+-c? e
2 (d
15< C2)3/263 1+ 1 « C ( +ex) .

22
o X c2d-+/-c? e

2 (d A2 NPy
& \/1+c*x* EllipticF [ArcSin| ! < x ls - 2V e ] /
c2d-+/-c% e A2 c2d-+/-c% e

2+ -c? e
e 15 (-2
czd—\/?e] / ( )

A -c2 (d 2
64 b d* & \J1+c2x? EllipticPi|2, ArcSin| ! ¢ x !> 2e ] /
V-c?2 d+e N2 V-c2 d+e

Result (type 4, 441 leaves):
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2be? 1+~ x/d+ex

1, ¢l x 3a(16d*+8d*ex-2de?x? +e*x?)
+ +
15e* c Vd+ex
3b (16d>+8d*ex-2de?x? + e’ x3) ArcCsch[c x] b e (-i+cx) e (i+cx)
. _ _
Jd+ex cd+ie cd-1ie

cd-1ie
8cd (-icd+e) EllipticE[i ArcSinh| Vd+ex | ! — ]
Cd*le cd+ie
) cd-1ie
(-24ic*d?’-8cde+ie?) EllipticF[i ArcSinh| Vdrex |, ——] +
cd—ne cd+ie

i cd-ie
48 i c*d? EllipticPi[1- —, i ArcSinh| Vd+ex : —] /
cd cdfne cd+ie

Problem 64: Result unnecessarily involves imaginary or complex numbers.

sz (a+bArcCsch[cx])
dx

(d+ex)3/2

Optimal (type 4, 499 leaves, 16 steps):
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2d? (a+bArcCsch[cx]) 4d+vd+ex (a+bArcCschlcx]) 2(d+ex)3/2(a+bAr‘cCsch[cx])

+

e3+/d+ex e? 3e?
1-+v-c? x 2vV-c2 e ]/

Vd+ex /1+c*x?* EllipticE [ArcSin| -

El
A2 c2d-+/-c? e

1 c? (d+ex)

2 2
X c2d-+v-c? e

20bcd

2 (d A2 2
cldrex] \/1+c*x* EllipticF[ArcSin| ! <X ]s - 2t e ] /
c2d-+-c? e V2 c2d-+-c? e

c? x?

Vo2 (d -V-¢?
32 b d? & A/ 1+ c?x? EllipticPi[z, ArcSin[ ! ¢ X ], 2¢ } /
V-c?2 d+e N2 Vv-c2 d+e

XxVd+ex

Result (type 4, 365 leaves):

1 a(—8d2—4dex+e2x2)

—2 +
3e? \d+ex
b (-8d>-4dex+e’x?) ArcCsch[cx] b e (-i+cx) e (i+cx)
. S Wt SR IS Gl
Jd+ex cd+ie cd-ie

cd-1ie
(icd-e) EllipticE|i ArcSinh| Vd+ex | ! —— |+ (4icd+e)
cd—le cd+ie
1 e
E111pt1cF Ar‘c51nh \Vd+ex } -81icdEllipticPi [1 - L,
cd—ne cd+ie cd

cd-1ie C
i ArcSinh| Vd+ex | ! —] / 2 | -—
Cd—]].e cd+ie cd-1ie

Problem 65: Result unnecessarily involves imaginary or complex numbers.

dx

JX (a+bArcCschicx])

(d+ex>3/2
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Optimal (type 4, 318leaves, 11 steps):
2d (a+bArcCschfcx]) 2+d+ex (a+bArcCschicx])
+

+

e2\/d+ex e’
d+ex 1-+/-¢? x 2+-c% e
4bc \J1+c?x? EllipticF APCSln[ ], - ] /
_c?2 e \/7 c2d-+/-c? e
1

xvVd+ex | -

(-c?)*%e [1+ e

VocZ (d -v-c?
8bd V- (drex) [1+ 22 EllipticPi[2, ArcSin| ! < X], 2¢ }/

V-c2 d+e V2 v-c2 d+e
1
ce? |1+ xVd+ex
c? x?

Result (type 4, 264 leaves):

12 a(2d+ex) b (2d+ex) ArcCschlcx] ) Zib\/—e(_chx) \/_e(jl+cx)

— +
cd-1e

e? AVd+ex \Vd+ex

e
EllipticF[i ArcSinh| Vd+ex | ]—2E111pt1cP1[1 l—,
cd—ne cd+ie
C cdf'e
J'lAr‘cSinh[ - \/d+ex}, =
cd-1ie cd+1‘1e cd—ne

Problem 66: Result unnecessarily involves imaginary or complex numbers.

cd+ie

a+bArcCsch[cx]
J dx

(d+ex)??

Optimal (type 4, 149leaves, 6 steps):
2 (a+bArcCsch[cx])

+

evdiex
V-c? (d+ex 1-v-c x 2¢
ap | NN T enngptices [2, Arcsin[ L2 E X, 1/
N ' et
1
ce |1+ -1 xydrex

c? x?
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Result (type 4, 166 leaves):

-2e (1+c*x?*) (a+bArcCsch[cx]) +

i+cx) (d+ex)

2bc (Jicd+e> 2+

c? x? (Jicd+e)2

XV1+1cx \/ce(

E11ipticPi[1+de,Ar‘cSin[ _e(1+cx) ] ]'Lcd+e] /(ezx/d+ex (1+c2x2>)

e cd-1e 2e

Problem 69: Result unnecessarily involves imaginary or complex numbers.

st (a+bArcCsch[cx]) 5
X

(d+ex)5/2

Optimal (type 4, 777 leaves, 31 steps):
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4bd? (1+c?x?) 2d3 (a+bArcCsch[cx]) 6d* (a+bArcCschicx])
3et (d+ex)?? e4~/d+ex
3ce2 2d2+e2 1+ xVd+ex ( > '

6d+/d+ex (a+bArcCschlcx]) (d+ex)3/2 (a+bArcCschcx])

+ —

et 3et
_A/_e2 —
8b/ d®/drex \/1+c?x® Elliptick [Arcsin[ 12— X 2v/-c? e ]/
V2 c2d-+-c2 e
2 (d
3ced (d2re?) |1+ 1 c? (d+ex) .
CZX2 Czd— /_Cze
_A_c2 —
abc (2c2d+e?) drex 1+ Elliptice[arcsin| Vo X 2)oc e ]/
V2 c2d-~/-c% e
1 ¢ (d+ex)
1+ X
c*x? c2d-+-c? e
2 T -
c—\/mEllipticF[Ar‘cSin[ 1 < X})_ 2V-c e ]/
\/? c2d-+-c? e

A/ -c2 (d A2
64 b d? & \J1+c2x? EllipticPi[2, ArcSin| ! <X ] 2e ] /
V-c?2 d+e 2 Vv-c?2 d+e

Result (type 4, 448 leaves):
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2bcd?e? [1+ -1 x

1 , 2 a(-16d°-24d*ex-6de? x?+e?x?)
_— + +
3et (c2d?+e?) Vd+ex (d+ex)3/2
b(716d3724d2ex—6de2x2+e3x3)Ar‘cCsch[cx] 1 - I
—_ IL _ —
(d+ex)?? ¢ 1 \ cd-ie
c° X
e(—j+cx) e(j+cx>

cd-1ie
e? E1lipticE [i ArcSinh| Vd+ex | ! —]
cd—le cd+ie
2 cd-1ie
(8c?d*-8icde-e?) EllipticF|[i ArcSinh| Vdrex |, —] -
Cd*le cd+ie

i cd-1ie
16cd (cd-ie) EllipticPi[1- —, iArcSinh| Vd+ex | ! —]
cd cd—le cd+ie

Problem 70: Result unnecessarily involves imaginary or complex numbers.

cd+ie cd-1ie

sz (a+bArcCsch[cx])
dx

(d+ex)5/2

Optimal (type 4, 569 leaves, 25 steps):
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4bd (1+c?x?) 2d? (a+bArcCsch[cx])

.
3e3 (d+ex>3/2

3ce(c?d?+e?) [1+ 1 x/d+ex

c?x?

4d (a+bArcCsch[cx]) 2+/d+ex (a+bArcCsch[cx])
+

+

e3/drex e3
17ﬂ/7 2 21/7 2
4b+/-c> dv/d+ex +/1+c?x? EllipticE[Ar‘cSin[ ¢ X},f < ¢ ]/
V2 c2d-+/-c? e
1 c2 (d+ex
3 ce? (c2d2+e2> 1+ X ( ) +
c? x? c2d-+v-c? e

4bc

2 (d A/ _c2 2
¢ (drex) \/1+c?*x? EllipticF[ArcSin] ! S ], - 2V e ] /
c2d-+vV-c% e V2 c2d-+V-c? e

xvVd+ex | -

c? x?

V- (d -V -c2
32bd w [1 + C2 x2 E]_]_]_pthPl [2, ArcSin [ ! < x } > 2¢ ] /
Vot de V2 Voctdre

Result (type 4, 416 leaves):
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2bcd [1+ 2

2 ax % a(8d2+12dex+3e?x?)
— |- + +
3 (c?d?e+e®) \/d+ex e3 <d+ex)3/2

b (8d?+12dex+3e?x?) ArcCsch[c x] - c e (-i+cx) e (i+cx)
e3(d+ex)3/2 cd-1ie cd+ie cd-ie
icdEllipticE[i ArcSinh| Vd+ex | ] +(-4icd-3e)
cdfne cd+ie
cd-1ie L.
EllipticF[i ArcSinh| Vd+ex |, ———] +8 (icd+e) EllipticPi|
cd—ne cd+ie

i cd-1e
1-— ILAPCSlnh \/d+ex ! ]
cd cd—le cd+1ie

Problem 71: Result unnecessarily involves imaginary or complex numbers.

dx

Jx (a+bArcCsch[cx])

(d+ex)®?

Optimal (type4 393 leaves, 19 steps):

(1+c2x?) 2d (a+bArcCsch[cx]) 2 (a+bArcCschicx])
3e2 (d+ex)3? e2~/d+ex
3c 2d2+e2 1+ x\d+ex ( ) i

2 —
4b+/-c? mmEllipticE[Ar‘cSin[ ! < X},— 2N e }/

V2 c2d-+-c2 e
1 c2 (d+ex
3ce(c2d2+e2) 1+ X ( ) +
c2x? c2d-/-c? e

v-c? (d _A/_¢2
8b Vo (drex) \/1+c?x* EllipticPi[2, ArcSin| ! - ] 2¢ ] /
V-ct d+e V2 V-c? d+e

xVd+ex

Result (type 4, 390 leaves):

| 27
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2bc [1+ -1 x
¥ a(2d+3ex)

(c2d?+e?) /d+ex e? (d+ex)3/2
b (2d+3ex) ArcCsch[cx] [ C
+(21b |-
ez(dJrex)3/2 cd-1ie

cd-ie
cd E111pt1cE Ar'c51nh \Vd+ex ! ] -
cd—ne cd+ie
cdEllipticF[i ArcSinh| d+ex } +2 (cd-1ie) EllipticPi|
cdfne cd+1ie

i cd-1ie
1-~—, iArcSinh| Vdrex |, ———]
cd cd—le cd+ie

Problem 72: Result unnecessarily involves imaginary or complex numbers.

2
3

e (i+cx)

cd-1e

Ja +bArcCsch[c x]
X

(d+ex)5/2

Optimal (type 4, 369 leaves, 12 steps):
4be (1+c?x?) 2 (a+bArcCsch[cx])

+

e <d+ex)3’/2

xVd+ex

3cd c2d2+e2 1+

_ /-2 A _ 2
4b+/-c® Jd+ex \/1+c?x? EllipticE[ArcSin| ! S ], - 2V e ] /
N2 c2d-+/-c2 e

3cd (c2d2+e2) 1+

2 (d Sl
e | T T enspricns 2, anesin V1S X 2e ) )

V-c?2 d+e 2 Vv-c2 d+e
3cde |1+ xVd+ex

c? x?
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Result (type 4, 375leaves):

2bce? |1+ x
c° X

1 a
— 2 |- _

e (d+ex)3/2 d(c2d2+e2)\/d+ex .

b ArcCschc x] b c e(-i+cx) e (i+cx)
pAarckschicx) | | _ _
(d+ex)3/2 cd-ie cd+ie cd-ie
[jchllipticE[jArcSinh[ [— \/d+ex},Cdije]+
cd-ie cd+ie
. e T . | c cd-ie . e
icdEllipticF[iArcSinh| |- Vd+ex |, |+ (icd+e) EllipticPi|
cd-1ie cd+ie

. d- i
l—E,jAr‘cSinh[ - ¢ \/d+ex],c le]
cd cd-1ie cd+1ie

Problem 75: Result unnecessarily involves imaginary or complex numbers.

dx

Ja +bArcCsch[c x]

(d+ex)7/2

Optimal (type 4, 648 leaves, 19 steps):

| 29
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i 4be (1+c?x?) ) 16bce (1+c?x?)

15cd (2d?+e?) [1+ 12 x (d+ex)?? (c2d?+e?)? xdrex
4be (1+c?x?) 2 (a+bArcCsch[c .

Scd (2dteet) |1+ -1 x\drex e(d*‘”)m

-V-c% x 2vV-c% e

4bc (7c*d?+3e?) \/d+ex \/1+c?x? EllipticE|ArcSin|

)
V2 c2d-+-c2 e

A/ -c?2 (d A/ _c2
4b Vo (drex) \/1+c?x? EllipticPi[2, ArcSin]| ! < X], 2¢ }/

V-c2 d+e N2 V-c2 d+e
5cd’e |1+ x+/d+ex
c? x?

Result (type 4, 472 leaves):

2 —c2d+V-c? e

—czx] Zme]/

11/
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4bce |1+ - x (e (4d+3ex)+c?d (8d+7ex))

1 6a

15| e(d+ex)™? d? (c2d?+e?)? (d+ex)’?

1-1 1+ 1
6bArcCschlcx] 4ib(cdsie) e(1-icx) e (1+icx)
)52

e(d+ex i1cd+e -1cd+e

cd-1ie
cd (7c?d*+3e?) EllipticE[i ArcSinh| Vd+ex | ! | -
cdfne cd+ie
2 cd-ie
cd (6c?d*+icde+3e?) EllipticF[i ArcSinh| Vd+ex | |-
cd—ne cd+ie
1e C
3(cd-ie)? (cd+ie)EllipticPi[1- ~—, i ArcSinh[ |- Vdrex |,
cd cd-1ie

C 1
/ cd?® |- e(c2d2+e2)2 1+ X
cd-ie c? x?

Problem 98: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

cd-1e

cd+ie

sz (a+bArcCsch[cx]) 5
X

d+ e x?

Optimal (type 4, 512 leaves, 25 steps):
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bArcTanh[ [1+ % |
X (a+bArcCsch[cx]) c

+ +
e ce

V-d (a+bArcCschicx]) Log[1- € ~d_ e

e -4/ -c?d+e

2 e3/2

V-d (a+bArcCsch[cx]) Log[1 + /-d e
< ) { \/?*\/ -c?d+e

2 e3/2

eArcCsch [cx]

v/ -d (a+bArcCschicx]) Log[1 - <4
< ) { e +/ -c?d+e

2 e3/2

Ar‘cCsch[

V/-d (a+bArcCschicx]) Log[1+ € =d

Ve +/-c2dre
2 e3/2 -
b\/jpolyl_og 2, B c ] eAr‘cCschjcx] bmpolyl_og -d eAr‘cCsch'cx]
[ Ve -/ -c?d+e ] [ Ve -/ -c?d+e
2 e3/2 - 2 e3/2
b \/j POlyLOg 5 ¢ T4 eArcCschicx] b \/j POlyLOg 2, c+/—d eAreCschicx]
[ ’ \e +1/ -c*d+e ] [ e +1/ -c?d+e
2 e3/2 * 2 e3/2
Result (type 4, 1239 leaves):
4acx/?x+4bcd?xAr‘cCsch[cx}—4acx/?Ar‘cTan[ | -
4c e3/2 \/F
vV e
T evd \/?—\/?) Cot[i(ﬂ+2iAr‘cCsch[cx1)]
8ibc \/d_Ar‘cSin | ArcTan| | -
N2 V-c2d+e
e
1- Lcﬁ \/?+\/?) Cot[i(ﬁ+21‘1Ar‘cCsch[ch)]
8ibc~/d ArcSin| | ArcTan| |+
2 V-c2d+e

( \/?+\/m) eAreCschcx]

c/d

J'L(—\/? “/—c2d+e) ehrcCschlcx]
c/d

bcy/d rlogl-

2ibc+/d ArcCschcx] Log|1 -

|+
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1+ jj_% ( \/F+m> @ArcCschcx]
4bC\/?Ar‘cSin[7} Log[1 - ] -
V2. cvd
i (—\E \/m) @ArcCschicx]
bc/d rLog[1l+ ]+
cVd
1 (7\/? m) ehrcCschlcx]
2ibc+/d ArcCschcx] Log[1+ ] -
cd
1- CA% i (7\E m) ArcCsch[cx]
4bc/d ArcSin[ ——— ] Log[1+ -
V2 cd
1 (\/? m) ehrcCschlcx]
bcy/d rlogl- ]+
cVd
1 (\/? \/m) eArcCschcx]
2ibc/d ArcCschcx] Log[lf } .
cVd
e
1- C\/e(T i (\/E m) @ArcCschcx]
4bc+/d ArcSin[ ——] Log[1- e
V2. cvd
1 (\/? m) ArcCsch(c x]
bc/d rlog[l+ ] -
c/d
i (\/? m) ArcCsch[c x]
2ibc/d ArcCschlcx] Log[1 + ] -
cVd
e
1+ c\/e? i (\/? \/m) eArcCschcx]
4bcx/?Ar‘cSin[7} Log[1+ ] +
V2. cVd
ivd w?

bcy/d rLog[Ve - ] -bc+/d nLog[ve + ]+

4b\/7Log[Cosh[ ArcCsch|c }H 4b\ﬁLog[Slnh[ ArcCsch|c ]H+
2 2

i (—\/? \/m) Ar‘cCsch x]

cd
]-]_(_\/? “’—c2d+e) ehrcCschlcx]

cVd
1(\/? “/—c2d+e) @ArcCschcx]

cd

X

2ibc+/d PolyLog [2, -

} ,

2ibc+/d PolylLog [2,

] -

2ibc+/d PolyLog [2, -

]+
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1 (\/?+*/—c2d+e ) eAreCschcx]
c/d

2ibc/d Polylog [2,

]

Problem 99: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Jx (a+bArcCsch[cx]) 4
X

d+ex?

Optimal (type 4, 449 leaves, 26 steps):
(a+bArcCsch[cx]) Log[1 - M} (a+bArcCsch[cx]) Log[1+ eo/od et

Ve A/ -cdie Jo [ aae
* +
2e Je
(a+bArcCschicx]) Log[1- M] (a+bArcCsch[cx]) Log[1+ cofod ehrecseniex]
\Eﬂ/m \/?Jr\/m
2e Je

—d eAr‘cCsch [cx]

e -A/-c2d+e

bPolylLog|2, - €
(a+bAr‘cCsch[c x]) Log[l_eurcqch[cxw oly og[ ’

+
e 2e

“d eArcCschicx]

Ve +/ -c?d+e
¥

ArcCsch(c x] ]

bPolylog[2, 4=
Ve -1/ -c?dre
N

2e 2e

bPolylog|2, - ¢

] eArcCsch[c x]

Ve -ctdre bPolyLog[2, e?Arccschicx] |
2e 2e

bPolyLog[2, €

Result (type 4, 1103 leaves):

1
— |bn2 -4 ibrArcCsch[cx] - 8bArcCsch[cx]?+

8e
e
1+cﬁ cx/?fx/?)Cot[l(7r+21iAr'cCsch[cx])]
16 b ArcSin| —————] ArcTan| 2 ] -
N2 Vv-c2d+e
e
176\/% (C\H+\/?)Cot[l(7r+211Ar‘cCsch[cx])]
16 b ArcSin[ ~——————] ArcTan]| 4 ] -
2 V-c’d+e

1 (—\/?+“/—c2d+e ) eAr‘cCsch[cx]
cVd

8bArcCsch[cx] Log[1 - e 2Areschicx] 4 24 b Log[1 -

|+
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i (—\/? \/m) @ArcCschicx]

4bArcCschcx] Log[1-

} +

cVd
e
1+ C\/e? i (7\E \/m) ArcCsch[c x]
81 bArcSin[ ——] Log[1- ]+
V2 cVd
i (—\/?+\/m) @hrcschlcx]
2ibrlog[l+ ]+
c/d
i (—\/— m) eArcCschicx]
4bArcCschcx] Log[1+ ]+
cVd
e
17c\/e? ]l(—\E \/7c2d+e) @ArcCschicx]
8ibArcSin[ ————] Log[1+ ] +
V2 cd
i (\/? \/m) ArcCschlc x]
2ibrlog[l- ] +
cVd
i (\/? \/m) ArcCsch(c x]
4bArcCschlcx] Log|1 - ] -
cVd
1- ?% \/— m) @ArcCschcx]
81 bArcSin| | Log[1 |+
N2 c/d
i (\E+«/7C2d+e)eAr‘cCsch[cx]
2ibrlog|l+ ]+
cVd
i (\E+«/7C2d+e)eAr‘cCsch[cx]
4bArcCschcx] Log[1+ ] -
cVd
e i (Ve o cTare | emecsenicn
81 bArcSin[ ———] Log[1+ ] -
V2 cd
2ibrLog[ve - jﬁ} -2ibrlog[Ve + j\/?] +4alogld+ex?] +
X X

1(7\5 */—c2d+e) @ArcCschcx]
cVd

4bPolylog|2, e 2Arccschiex]] 4 b polyLog|2, -

|+

i (,\/? \/m) @ArcCschicx]

cVd
]l(\/? */7c2d+e) @ArcCschcx]

cd
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|+
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i (Ve o Vocdie ) emccschien
N

4bPolylog|2,

]

Problem 100: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+bArcCsch[cx]
J dx

d+ex?
Optimal (type 4, 477 leaves, 19steps):
(a+bArcCsch(cx] ) Log[1 - S/-deree

2+/-d e
(a+bArcCsch[cx]) Log[1+ M] (a+bArcCschcx]) Log[1- M]
Ve -\ -cldie Ve 1/ -c?d+e
+ —
2V-d e 27/-d e
(a + b ArcCsch [C X] ) Log [1 + M] b POlyLOg [2, e/ d gArcCschicx]
- +
2V/-d Ve 2+/=d e
b PolyLOg [2, M] b POlyLOg [2, e g ehretschicx] ] b POlyLOg [2’ c+/—d ehreCschicx]
- +
2V-d Ve 2+/-d Ve 2+/-d e

Result (type 4, 1055 leaves):

_ 4aAr‘cTan[\/?X]+
4/d Ve Vd
e
1 T [cv/d -+e | cot[? (m+2iArcCschicx] )]
8ibArcSin[ ————| ArcTan| 4 +
\/7 V-ctd+e
e
1,cj? (C\/?+\/?) Cot[ > (m+2iArcCschicx]) |
81 bAr‘cSin[—} Ar‘cTan[ 4 } _
V2 V-c’d+e
1 (, e +\/m) eAr‘cCsch[cx]
brlog|1- ]+

cVd
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i (_A/e +“’—c2d+e ) eAr‘cCsch[cx]

2ibArcCschicx] Log[1 -

] _

cVd
1+cA\/e7Ld i (7\/? m) ArcCsch[c x]
4bArcsin| ——— ]| Log[1- ]+
V2 cVd
( \/?+\/m) @ArcCschicx]
bﬂLog[l },
cVd
i (—\/?+“/—c2d+e ) eArcCschlcx]
21 bArcCsch[c x] Log[1+ ]+
c/d
e
-7 i (Ve o cdie ) emrecsehicn
4bArcSin| ————] Log[1+ ]+
V2 cVd
i (\/?+“’—c2d+e ) @ArcCschcx]
brlog[l- ] -
cVd
]l(\/? «/7C2d+e) ArcCsch[c x]
2ibArcCschicx] Log[1- ] -
cVd
e
- i (Ve Vocdie ) etrccsenrex
4bArcSin| —————] Log[1- ] -
V2 c/d
i <\/?+1/7C2d+e ) @ArcCschcx]
brLog(1+ ] +
cVd
]l(\E “/7c2d+e) @ArcCschcx]
2ibArcCschicx] Log[1+ ]+
cV/d
e
1+ .
Nes i \/? m ArcCsch[c x] ,
4bAr‘cSin[7Cd} Log[1+ ( ) }—bﬂLog{\/?—l\/?}+
V2 cVd x
) \/?+\/m @ArcCschicx]
b7rLog[x/?+l\/?]—ZijolyLog[Z, ( ) |+
X cd
i (—\/?+\/m) ehrcCschcx]

2 i bPolyLog [2,

VT J

i (\/?_Fﬂ/_czd_*_e ) ehrcCschlcx]
cVd

2ibPolylog|2, -

] -
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11(\/? \/m) eArcCschcx]
c/d

21 bPolylLog [2,

]

Problem 101: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+bArcCsch[cx]
J dx

x (d+ex?)
Optimal (type 4, 425leaves, 19 steps):

eAr‘cCsch [cx]

(a+bArcCsch[cx]) Log[1- ¢ =4

(a+bArcCschicx])? o [ die
2bd 2d
(a+bArcCsch[cx]) Log[1+ € ~d_ et (a +bArcCschcx]) Log[1- € ~d_ehreeenex
Ve -/ -c?d+e Ve +/-c2dre
2d 2d
(a+bArcCschicx]) Log[1+ S-S0 ppolylog|2, — g e
\e 4/ -c?d+e Ve -/ -c?d+e
2d 2d
b PolyLog [2, c —d eArcCsch[cx] ] b PolyLog [2) B c —d eArcCsch[cxj ] b Polyl_og {2’ c —d eArcCschjcx]
Ve -/ -c?dre Ve +/-c?dre Ve i/ -c?d+e
2d 2d 2d
Result (type 4, 1075 leaves):
1
-— |br®-41ibmArcCsch[cx] -4bArcCsch[cx]?+
8d
Ve
cﬁ \H—\/?) Cot[ > (m+2iArcCschicx]) |
16 bArc51n Ar‘cTan 4 } -
V2 \V-c2d+e
Ve
1- Ve (cvd +Ve ) cot[L (x+21ArcCschicx]) ]
16 b ArcSin| | ArcTan] 4 ]+
2 V-ctd+e
1 ( \/?+‘/7C2d+e) ehreCschcx]

21b7TLog

cvd -+
i (7\/? m) eArcCschicx]
cVd

4bArcCschcx] Log[1-

] +
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e
1+ de_ i (_\/? m) eArcCschcx]
8ibArcSin[ ———] Log[1- ] +
V2. cvd
i (—\/?+\/m> @ArcCschcx]
2ibrlog[l+ ]+
cd
1 (7\5 \/m) eArcCschcx]
4bArcCschcx] Log[1+ ] +
cd
e
1_C\% J’l(—\/? \/m) @AreCschcx]
81ibArcSin[————] Log[1+ T4
V2. cvd
1 (\/? m) ehrcCschlcx]
2ibrlog[l- ]+
cVd
1 (ﬁ.;.m) ehrcCschcx]
4bArcCschlcx] Log[1 - ] -
cVd
e
1_5\% Jl(\E \/m) eArcCschlcx]
8ibArcSin[ ———] Log[1- ]+
V2 cd
i (\/? m) ArcCsch[c x]
2ibrlogl+ ]+
cd
i (\/? m) @ArcCsch(cx]
4bArcCschicx] Log[1+ ] -
cd
e
1+ cJed_ 1 (\/? \/m) eAreCschcx]
81ibArcSin[ ———] Log[1+ ] -
V2. cVd
2ibrLog[ve - jﬁ] ~2ibrlog[Ve + j“/?] ~8alog[x] +
X X
i (—\/F m) ArcCsch[c x]

4alogl[d+ex?| +4bPolylLog|2, -

e I
i (_\/? m) ArcCschc x] ]

cVd
IL(\E */—c2d+e) ArcCschcx]

cd

4bPolylog|2,

4bPolylog|2, -

|+
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i (\/?+*/—c2d+e ) eArcCschcx]
c/d

4bPolyLog|2,

]

Problem 102: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+bArcCsch[cx]
J dx

X2 (d+ex?)

Optimal (type 4, 518 leaves, 24 steps):

be [1+ Ve (a+bArcCschicx]) Log[1 - ca/dereicd
< a  bArcCsch[cx] ( ) [ Vo [ dare ]
2 . )
d dx dx 2(7d)3/2

Ve (a+bArcCschcx]) Log[1+ S/ -d e
| ) os| Vo e
+

2 (—d)3/2

Ve (a+bArcCschicx]) Log 1 _ c/od ehresenicd
| ) togl Je /e

2 (_d)s/z

Ve (a+bArcCschicx]) Log 1 4 c/d ehrecsenicd
| ) togl Je o cdre

2 (_d)S/Z

b+/e Polylog[2, - LT ) b /e polylog[2, Sld e
* Ve -cdve . 2, Ve cave
+ -

2(—d)3/2 2(—d)3/2

b+/e Polylog|2, - L") b /e polylog[2, S der
> Ve ctdre | 2, Ve s/ -cdre

+

2(—d)3/2 2(—d)3/2

Result (type 4, 1211 leaves):
Ve x
a a\/?Ar‘cTan[ Nes }

d x d3/2
C
b

1 ArcCsch[cx
14+ L _ ArcCschlex]
2 x? X 1

d - 16 d3/2

ive |7%-41mArcCsch[cx] - 8ArcCsch[cx]?+
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v (cx/?—d?)Cot[l(7r+2j1Ar'cCsch[cx]H
32 ArcSin[ ————| ArcTan]| 4 ] -
V2 V-c?d+e
i (—\/F+\/m) ghrecschcx]
8 ArcCsch[c x] Log[1 - e 2Arcesehlexl] 44 5t Log[1 - |+
cVd

]-]_(_ﬂ/e “’—c2d+e) Ar‘cCsch [cX]

8 ArcCsch[cx] Log[1 -

]+

cVd
e
1+ C\/e? i (_\/? m) eArcCschcx]
16 i ArcSin[ ———] Log[1 - |+
V2 cd
i (Ve «Vocdie ) emrccsehien
41imlog[l+ ]+
cVd
e
J].(\/? “’—c2d+e) @ArcCschcx] 1+c\/e?
8 ArcCsch[cx] Log[1 + | -161i ArcSin| ——]
cVd V2
i \E \/m eAreCschcx] ,
LOg[l"' ( ) }—4]17TLOg[\/?+]l\/?}+
C\/? X
i (Ve e cdie ) etrecsehicn
4 Polylog|2, e 2Arccschiexl] 4 g polylog|2, |+
cVd
i (Ve en/TcTdre ) ehvecsehien
8 Polylog|2, - 1+
cV/d
! i+e |n2-41inArcCsch[cx] - 8ArcCschcx]?2-
16 d3/2
e
1}& (cﬁm/?)Cot[l(mszrcCsch[cx]H
32 ArcSin[ ————| ArcTan]| 4 ] -
NFY NEr-rrry
i (e« —cTdre | erccsenicn
8ArcCsch[cx] Log[1 - e 2Arccsehlexl] . 4 s Log[1 + |+
cVd

i (7\/? m) eArcCschcx]
cVd

8 ArcCsch[cx] Log[1 +

|+



42 | Mathematica 11.3 Integration Test Results for 7.6.1 u (a+b arccsch(c x))”~n.nb

1—% i (_\/? m) @ArcCschcx]
16 i ArcSin[ ———| Log[1 + |+
V2 cd
i (\/? \/m) @hreCschicx]
4irmlog|l- |+
c/d
i (Ve +V-ctdre | etcesehiex 1- 5
8 ArcCsch[cx] Log[1 - | -16i ArcSin| —— ]
cd V2
i (\/? \/m) ghrecschcx] iNd
Log[1 - ] -4inLog[Ve - ] +
cd X
i (—\/?+\/m> ghrcCschicx]
4 Polylog[2, e 2Arccschiexl | g polylog|2, - |+
c/d

i (\/? VJ_c2d+e ) ArcCsch[cx]
cVd

8 Polylog|2,

]

Problem 103: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

st (a+bArcCsch[cx]) ;
X

<d+ex2)2

Optimal (type 4, 571 leaves, 31 steps):
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b [1+ 2

2 2 X
cx d (a+bArcCschicx]) x?(a+bArcCschlcx])
+ + -
2ce? 2e2<e+i) 2¢e?
XZ
b dArcTan

e /h(%X _d (a+bArcCsch[cx]) Log|1- = ] )

3
2+ c?d-e e%? e

ArcCsch[cx] eArcCsch [cx]

d (a+bArcCsch[cx]) Log[1+ € -d & d (a+bArcCsch[cx]) Log[1- ¢ -d
Ve o/ -cdie Ve c2dee

e3 e3

d (a+bArcCschlcx]) Log[1+ e/-d et
Ve cdre 2d (a+bArcCsch[cx]) Log|[1 - e2Arccschicx] |

+ —
3

e3

T4 ehrcCschicx) } bd POlyLOg{Z, c/—d_ehrecschicx]
Ve -/ -c2d+e Ve i/ -c?d+e

3

e

bd PolyLog[Z, .

3

e e

d eArcCsch [cx]

Ve i -ctdie bdPolyLog[2, e2ArcCschicx |
+

3

_d eArcCsch [cx] }

e 1/ -c?d+e

bdPolyLog|2, - ¢ bdPolyLog|2, ©

3 3

e e e

Result (type 4, 1554 leaves):

x| |1+—-= +cxArcCschlcx]
a x2 ad? adLlog[d+ex?] ¢ x 1
_ - +b +
22 263 (d+ex2) e3 2ce? 4 e5/2
2Va Ve [ive ve|eva iV crae = ]]
Log . —
) ArcSinh{l—} { Jocdee [14/d e x
i i
Ve A/ -c?d+e
i 3 ArcCsch[c x] B . 1

ivd Ve +ex Vd 4e%2
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clic/d o care Jr L
| e

X
22

— — —

Ar‘cSinhhiw N\ -c2dse L\/d vine x

Ve \/ -c?d+e
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1
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8e

o (cx/?—d?)Cot[l(7r+211Ar'cCsch[cx]H
32Ar‘cSin[T] ArcTan | 4 ] -

2 V-cid+e
i (_\/F+m) @ArcCschcx]

cd

8 ArcCsch[c x] Log[1 - e 2Arcesehlexl] 44 5t Log[1 -
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]-]_(_\/? “’—c2d+e) eArcCschlcx]
cVd

8 ArcCsch[cx] Log[1 -

]+

cd il (_\/? \/m) ehrcCschlcx]
161ArcSin[T} Log[1 - =

2 cvVd

i (\/— \/m) ArcCsch[c x]

cd

] +

41rLog(l+

|+

i (Ve o/Tdre | etrccsenien) or
| -16 i ArcSin| ———]
cVd V2
i \E \/m @ArcCsch[cx] ,
( \/_) }—4]17TL0g[\/?+1\/?}+
cvd X
i (-ve V-dre | evecsenien

cVd
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4 Polylog|2, e 2Arccschiexl] g polylog|2,
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i (ﬂ/e +“’—c2d+e ) eAr‘cCsch[cx]
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] _

c/d
1 e
1 cd
——d [n?-4imArcCsch{cx] - 8 ArcCschcx]? - 32 ArcSin| —————
8e3 NEY
(C\/?Jr\/?) Cot[% (r+2iArcCschlcx]) ]
ArcTan | 4 | -
V-c2d+e
i (7\5 \/m) @ArcCschicx]
8ArcCsch[cx] Log[1 - e 2Arccschlexl] 44 5t Log[1 + |+
cVd
i (—\/? \/m) @hreCschicx]
8 ArcCsch[cx] Log[1 + |+
c/d
1—?% i (7\/? m) @ArcCschicx]
16 i ArcSin[ —————] Log[1 + |+
V2 cd
i (\/? m) eArcCschcx]
4irLlog[l- ]+
c/d
e
1(\5 A/7c2d+e) Ar‘cCsch x] 1_C\/ed—
8 ArcCsch[cx] Log[1 - | -16i ArcSin| ———]
cd V2
i (e +v/-c2d+e | etrccschicx]
Log[1 - ( ) |- 41ﬂLog[\/——l\/—}
cVd X

]'l(—\/? . c2d+e) ArcCschc x]
cVd

4 Polylog|2, e 2Arctschicx] ] 4 g polylog[2, -
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i (ﬁ/e Jrﬂlicszre ) eAr‘cCsch[cx]

8 Polylog|2,

cd

]

Problem 104: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.

Jx3 (a+bArcCsch[cx])
dx

(d+ex2)2

Optimal (type 4, 535 leaves, 29 steps):
_ Jetde

Ve -1/ -c?d+e
n

b ArcTan|
a+bArcCsch[cx]
- +
2e(e+:7) 2+ c2d-e e3/2

(a+bArcCsch[cx]) Log[1+ M]
Ve [ -cdre.
N

c’d-e ]
cve ot « (a+bArcCschicx]) Log|1- M}
.

2e?

(a+bArcCschcx] ) Log[1 - SY-demeer

e +/ -c?d+e

2¢e?
c f—d eAr‘cCschjcx]
Ve +1/ -c?d+e

(a+bArcCsch[cx]) Log[1+

2 e?

(a+bArcCsch[cx]) Log[1 - e?Arccschicx] |

2 e?

—d eArcCsch [cx] }

Ve -\ -c?d+e

bPolylog|2, - € b PolyLog|2,

+

eZ

c {7d eArcCsch[cxj
Ve -/ -c?d+e
+

+
2e? 2e?

4 eArcCschicx] }

e 1/ -c2d+e

b PolylLog [2, - £ b PolylLog [2,
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+
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Result (type 4, 1410leaves):
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e
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e
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cVd
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4bArcCschlcx] Log[1- ] -
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e
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. i (Ve v/ -7 dre | erecschicx) |

SJLbAr'cSin[ ‘ }Log[1+ ( ) ]_zjanog[\/?_l\/?]_
V2 c/d X
zrr[lrm[crﬂm ] ]
2b+/e Log|
\-ctdie (i/d Ve x
ZleTLOg[\/?+1\/?}+ ¢ e( ) n
X V-c’d+e

Zr\ﬁ[rm [1C\/7+x/—c2d+e

A\ -c?d+e (\/7+11r )

2b\/?Log{

+4aLog[d+ex2] +
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i (_\/? m) ehrcCsch(cx]

cVd
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cVd
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Problem 105: Result unnecessarily involves imaginary or complex numbers.

Jx (a+bArcCsch[cx]) 4
X

(d+ex2)2

Optimal (type 3, 139leaves, 7 steps):
b c x ArcTanh | @}

a+bArcCsch[cx] bcxArcTan[V-1-c?x? | Jde
- + +
e(d+ex2) 2de -c?x? 2dVc2d-e Ve V-c2x2

Result (type 3, 271 leaves):
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Problem 106: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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[’@m] > @m] [’@m
2 d? 2 d? 2 d?

Result (type 4, 1382 leaves):
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Problem 107: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 108: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 109: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.
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Problem 110: Result unnecessarily involves imaginary or complex numbers.
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Problem 111: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 112: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 113: Result unnecessarily involves imaginary or complex numbers.
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Problem 114: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 115: Result unnecessarily involves imaginary or complex numbers.
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Problem 116: Result unnecessarily involves imaginary or complex numbers.
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cVd

8 Polylog [2, -

] _

1

———— i |n®-41imwArcCsch[cx] - 8ArcCsch[cx]? -
128 d3/2 e3/2

od (C\/?Jr\/?)Cot[l(71+21'1Ar‘cCsch[cx]H
32Ar‘cSin[4] Ar‘cTan[ 4 ]—
2 V-c?d+e
1 (,\/?+«/7C2d+e ) eAr‘cCsch[cx]
8 ArcCsch[c x] Log[1 - e 2Arccsehlex]] 44 7t Log[1 + |+
cVd
i (7@ m) @ArcCschcx]
8 ArcCschcx] Log |1+ |+
cVd
e
lfcj? J'l(—\/? m) @ArcCschicx]
16 i ArcSin[ —————| Log[1 + |+
2 c/d
i (\E m) eAreCschcx]
4imlog|l- |+
cV/d
e
]l(\/? 4/—c2d+e) ArcCsch[cx] 1_C\/e?
8 ArcCschcx] Log|[1 - | -16 i ArcSin| ——|
cd V2
i (Ve - VTTdre | errecsenic) T
Log[1 - ] -4inLog[Ve - ] +
cd X

i (_\/?+q/_czd+e ) eArcCschlcx]
cVd

4 Polylog|2, e 2Arccschiexl | g polylog|2, -

] +
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i (Ve e TcTdre | etrecsehien
@

8 Polylog|2,

]

Problem 117: Result unnecessarily involves imaginary or complex numbers.

Ja +b ArcCsch[c x]
X

(d+ex2)3

Optimal (type 4, 1096 leaves, 81 steps):
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beve [1+ bce
- - +

16 (-d)*2 (c2d-e] (vV-d Ve -¢) 16(-d)*? (ctd-e] (vV-d Ve + ¢

\/?(a+bAr‘cCsch[cx1) 5 (a+bArcCsch[cx]) \/?(a+bAr‘cCsch[cx1>

16 ()7 [V-a e - )7 160 [V 2] s (- [oa e )

+

c2d-Y¥ [a e
5bAr‘cTanh
5 (a+bArcCsch[cx]) C\/_\/Cde [1.
+
16 d? (*/—d e +%) 16d52+/c2d_e
c2d- Ja e czd+x/7\/?
be Ar‘cTanh 5b Ar‘cTanh
FJTF crm
16 d5/2 (czd e)3/2 162/ Td o
2d+\‘ -d \/:
beAr'cTanh

c _d eAr‘cCsch[c x]

[ de a+bAr‘cCsch[cx] Log|1 -
C\/ﬁ d-e ) [ \/?_\/m }

<:><Z

16d5/2< c2d - e)3/2 16 (—d)S/Z\/?

c -d eArcCsch{c x]

Ve -/ -c?de
.
6(7(1)5/2\@ 16(—d)5/2\/?
3 (a+bArcCsch[cx]) Log[1+ M] 3bPolylog[2, _cn/od eprecsenicx.

6 (_d)S/Z\/? 16 (—d)S/Z\/?
3 b POlyLOg 2 c _d eAr‘cCsch[cx' 3 b Polyl_og 2 B c d eArcCsch[c x] 3 b POlyLOg 2 c _d eArcCsch[cx}
[ ) \/?_\/m ] [ ) \/?4.@ } [ ] \/?+\/m

- +
6(—d>5/2\/? 16(—d)5/2\/? 16(—d)5/2\/?

Result (type 4, 2038 leaves):

c -d eAr‘cCsch{c X]

Ve +/ -c?de

3 (a+bArcCsch[cx]) Log[1+ 3 (a+bArcCsch[cx]) Log[1-

3aAr‘cTan[l@]
ax 3ax NED

+

+ +
4d(d+ex2>2 8 d? (d+ex2) 8d52+/e
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]'lC\/?

+ X : 1
1 c*x ArcCschc x] Arcsinh| 3]
- +

16072 Vd (c2d-e) [-iVd +e x| \E(fj\HJr\/?x)z d/e

4d+/c2d-e e [\/?Hic [cﬁ—w/czd—e

i(2c2d-e) Log|

(2c?d-e) (ﬁﬂi\/?x) 1
d(c2d-e)’? 16 d3/2
]].C\/— . 1
. ArcCsch[c x] ArcSinh | ;] 1
if|- - +

Vd (c2d-e) (iV/d + r) ﬁ(jﬁ+ﬁx)z dve  d(c2d-e)*?

4id~/c2d-e Ve |i

i(2c*d-e) Log|

r+c{cr e

il

c? x?
1
((2ctd-e) (v -ive x| | -

16 d?
ol [l efela sl ae [ ]

I

1 _

ve e
ArcCsch[c x] .

3 |-

ivd Ve +ex Vd 16 d*
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24d e

\/?c‘cyd\ Zde/w2

) Ar‘cSinh[r—w Vet die [\/d\ Ve x}
1 —

Ve A\ -c%d+e

ArcCsch[c x]

3 |- + +

—i/d Ve +ex \d

1

128 d>/2+/e

31 |7%-41mArcCschcx] - 8ArcCsch[cx]?+

e
1+cﬁ (cx/?—d?)Cot[i(7r+211Ar'cCsch[cx]H

32 Ar‘cSin[T] ArcTan | = ] -
V-c2d+e
i (_\/F+m) @ArcCschcx]

cd

8 ArcCsch[c x] Log[1 - e 2Arcesehlexl] 44 5t Log[1 -

} +

]-]_(_\/? “’—c2d+e) eArcCschlcx]
cVd

8 ArcCsch[cx] Log[1 -

]+

cd il (_\/? \/m) ehrcCschlcx]
161ArcSin[T} Log[1 - =

2 cvVd

i (\/— \/m) ArcCsch[c x]

cd

] +

41rLog(l+

|+

i (Ve o/Tdre | etrccsenien) or
| -16 i ArcSin| ———]
cVd V2
i \E \/m @ArcCsch[cx] ,
( \/_) }—4]17TL0g[\/?+1\/?}+
cvd X
i (-ve V-dre | evecsenien

cVd

8 ArcCsch[cx] Log[1 +

Log[1+

4 Polylog|2, e 2Arccschiexl] g polylog|2,

|+
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i (\/?_Fﬂ/_czd_*_e ) eArcCschlcx]
cVd

8 Polylog [2, -

] _

;31 72 -4 i mArcCschcx] - 8ArcCsch[cx]? -
128 d>2+/e
e
17“% (C\/?Jr\/?)Cot[l(71+21'1Ar‘cCsch[cx]H
32Ar‘cSin[4] Ar‘cTan[ 4 ]—
2 V-c?d+e
(e e | etrecsaien
8 ArcCsch[c x] Log[1 - e 2Arccsehlex]] 44 7t Log[1 + |+
cVd
i (7@ m) @ArcCschcx]
8 ArcCschcx] Log |1+ |+
c/d
1—% i (_\/? m) @ArcCschicx]
16 i ArcSin[ —————| Log[1 + |+
2 c/d
i (\E m) eAreCschcx]
4imlog|l- |+
c/d
Ae
]l(\/? 4/—c2d+e) ArcCsch[cx] 1_C\/e?
8 ArcCschcx] Log|[1 - | -16 i ArcSin| ——|
cVd V2
i (Ve v TEae | etmesanie e
Log[1 - ] -4inLog[Ve - ] +
cd X

i (_\/?+q/_czd+e ) eArcCschlcx]
cVd

4 Polylog|2, e 2Arccschiexl | g polylog|2, -

] +
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i (Ve +V—Zdre ) eceschicx
cVd

8 Polylog|2,

]

Problem 118: Result unnecessarily involves higher level functions.

Jx5 \Jd+ex* (a+bArcCschlcx]) dx

Optimal (type 3, 413 leaves, 12 steps):

b(23c*d?-12c?de-75e?) x\V-1-c2x2 +/d+ex?

1680 c® e2 /-2 x2
b (29c2d+25¢e) xV/-1-c2x? (d+ex?)??
840 ce2 /- c2x? )
bxvV-1-c2x? (d+ex?)®? d? (d+ex?)*? (a+bArcCschcx])
42ce?/-c2x2 ) 3e’
2d (d+ex?)>? (a+bArcCsch(cx]) (d+ex?)”? (a+bArcCschlcx])
5e3 i 7 e3 ’
b (105 c®d® +35c*d? e+ 63 c2de? - 75 &) xArcTan[@] 8bcd7/2xArcTan[@}
cfdeext . Vd A -1-c2x?
1680 c6 e5/2/—cZx? 105e3 /-2 x?

Result (type 6, 713 leaves):
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1 1 ex
x> |- (105 c®d® +35c*d’ e + 63 c*d e? - 75 €3) AppellFi[1, —, —, 2, -c?x?, ]
2 d
2 d AppellF1|2 123 ! 4 | + e AppellFi[2 201 ! LR ]
(C ppe JZJ 2: J*CZXZJ’eXZ + € Appe 12) 2: J*CZXZJ’eXZ +
4 AppellF1[1 i ! L}
pp 3 2) 2) J_CZXZJ_exz
((35 c®d?e?x?+63c*de’x? -75c? e x? + c®d® (-128d + 105 e x?) ) AppellF1[1, —,
e x? 1 3 e x2
=, 2, -c*x%, *7] +32c8d?®x? eAppellFl[z, =, 5,3, —c?x?, ,7} +
2 d 2 2
5 3 1 , ., ex?
c?dAppellFi[2, =, =, 3, -c2x?, - —| /
2 2 d
1 1 1 d
[840c5 e’ (1+c*x*) «/d+ex* |-4c?ex?AppellFl[1, —, —, 2, -]+
2 2 c? x? e x?
R 1 3 1 31 1 d
c?dAppellFi[2, =, =, 3, - , - ——| +eAppellF1[2, =, =, 3, - » -]
202 c? x? ex 2 2 c? x? e x?
1 1 , ., ex?
-4dAppellFl[1, =, =, 2, -c2x%, - ——| +
2 2
5 1 3 , , ex? 5 3 1 , , ex?
X eAppellFl[Z, -, —, 3, —Cc x4, —7] +C dAppellFl[Z, —, —, 3, —C°X°, - ——
2 2 2 2

1

———+/d+ex?® |16ac® (8d3—4dzex2+3de2x4+15e3x6> +
1680 c° e3

_— x(75e2—2c2e(19d+25ex2)+c4 (—41d2+22dex2+40e2x4))+
c2x

16bc® (8d*-4d*ex*+3de’x*+15e’x®) ArcCsch[c x]

Problem 119: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.

Jx3 \Jd+ex? (a+bArcCsch[cx]) dx

Optimal (type 3, 302 leaves, 11 steps):
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b(c2d-9e) xvV-1-c2x2 \/d+rex2 bxy-1-c2x? (d+ex2)3/2

+ _
120 c3 e/ -c?x? 20cer -c?x?
d (d+ex2)3/2 (a+bArcCschcx]) (d+ex2)5/2 (a+bArcCsch[cx])
+ _
3e? 5 e?
b (15c*d?+10c*de-9e?) xAr‘cTan[@} 2bcd5/2xAr‘cTan[@]
c+/d+ex? Nd A -1-c2x?

120 c*e3/2+/ -2 x? 15 e2+/ -c? x?

Result (type 6, 635leaves):

x> |- (15c*d*> + 18 > de - 9 e?) AppellFl|1,

N =

1
y T o 2) _CZXZJ _—}
2

c? x?
1 d

-2
c? x? e x?

d 3 1
- ——| +eAppellFi[2, =, =, 3, -
2 2

, 1 3
c*dAppellFi[2, =, =, 3, - s
2 2 2x2 e x?

4 AppellF1][1, l, , 2, - —i} ((10c“de2x2—9c2e3x2+c6d2 (-16d+15ex?))
2

ex 1 3
, 2, ~c2x?, - ——] +4c®d®x? |eAppellFl[2, =, —,
d 2 2

e x? 3 1 ex
3, -c?x?, - ——| +c*dAppellF1(2, =, =, 3, -c*x?, - —|
d 2 2 d

1 1 1 d
{60 e (1+c*x*) /d+ex? [-4c?ex?AppellFl[1, —, =, 2, - s -— |+
2 2 c? x2 e x?
, 1 3 1 d 301 1 d
c?dAppellFi[2, =, =, 3, - , - ——| +eAppellF1[2, =, =, 3, - y -]
2 2 c? x? e x? 2 2 c? x? e x?

e x?

11 2,2 2 13 2,2
—4dAppellF1[1, —, —, 2, —C° X%, ——} + X eAppellFl[Z, -, —, 3, —C° X%, ——] +
2 2 d 2 2 d

3 1
c*dAppellF1[2, =, =, 3, -c2x?, - —|
2 2 d

1
———+/d+ex?® |8ac? (—2d2+dex2+3e2x4) +be

120 c3 e?

(-9e+c® (7d+6ex?)) +

8bc® (-2d*+dex®+3e’x*) ArcCsch[c x]
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Problem 120: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jx \Jd+ex? (a+bArcCsch[cx]) dx

Optimal (type 3, 203 leaves, 9 steps):

bxvV-1-c2x2 Jd+ex? (d+ex2)3/2 (a+bAr‘cCsch[cx})
+

+

6c/-c2x? 3e
b(3c*d-e) xArcTan[@} bcd3/2xAchan[@
cydrex? NERENE
N
6c2\e \V-c2x2 3e/_cZx2

Result (type 6, 556 leaves):

X3

11
- (3c2d-e) AppellF1|1, =, =, 2, -c?>x*>, - —
c? x? ( > PP [ 2 2 X d }

, 1 3 1 d 301 1 d
(c d AppellF1[2, =, =, 3, - , - ——| +eAppellFi[2, =, —, 3, - -+
2 2 c? x2 e x? 2 2 c? x2 e x?
1 1 1 d 2 02 2 4 2
2 AppellFi|1, =, =, 2, - s -——] |-2(c?e®x*+c*d (2d-3ex?)) AppellFl|
2 2 c? x? e x?
1 1 e x? 1 3 e x?
1, =, =, 2, ~c?x?, - ——] +c*dx? |eAppellF1[2, =, =, 3, -c*x?, - — | +
2 2 d 2 2
5 3 1 , ., ex?
c*dAppellF1[2, =, =, 3, -c2x?, - —| /
2 2 d
1 1 1 d
[3c (1+2x?) \Jd+ex? (—4c2ex2Appe11F1[1, =, =,2, - s -+
2 2 c? x2 e x?
, 1 3 1 d 301 1 d
c?dAppellFi[2, =, =, 3, - , - ——| +eAppellF1[2, =, =, 3, - , - —
2 2 c? x? e x? 2 2 c? x? e x?
1 1 , ., ex?
-4dAppellF1[1, =, =, 2, -c2x%, - ——| +
2 2
5 1 , ., ex? 5 3 1 , ., ex?
x? |eAppellF1(2, =, =, 3, -c?x?, - — | +c*dAppellF1[2, =, =, 3, -cZx?, - — | +
2 2 d 2 2 d

Problem 126: Unable to integrate problem.

dx

j\/d +ex? (a+bArcCschlcx])

X4
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Optimal (type 4, 389 leaves, 8steps):
2bc® (c2d-2e) x*\/d+ex?  2bc (c?2d-2e)V-1-c*x2 /d+ex?
_ 9dV-c2x? \/-1-c2x? _ 9d+/-c2x?
bcvV-1-c2x2 Jdrex? (d+ex?)?? (a+bArcCschicx]) .

9 x2+/-c?x? 3dx3
2bc? (c2d-2e) x\/d+ex? EllipticE[ArcTan[cx], 1- =]

cd

+

T 292 ~f_1_ 242 _diex®
9d+/-c2x2 V-1-¢c2x a (1rc )

b(c?d-3e) exd+ex? EllipticF|[ArcTan[cx], 1- =]

cd

2./ 242 1 242 drex?
9d*V-c?x* V-1-c*x T

Result (type 8, 25leaves):
J\/ d+ex® (a+bArcCsch[cx])

dx

x4

Problem 127: Unable to integrate problem.

dx
6

Vd+ex? (a+bArcCschcx])
J ,
Optimal (type 4, 527 leaves, 9 steps):
bc® (24c*d?-19c2de-31e?) x2\/d+ex? bc(24c*d?-19c?de-31e?)/-1-c2x? /d+ex?

+ —

225d2+/-c2x2 \/-1-c2x? 225 d2 /- c2 x2
bc(12c2d+e) V-1-c2x2 Jd+rex? bcV-1-c2x? (d+ex?)??
N _
225dx?+/ -c? x? 25d x* /- c? x?
(d+ex?)*? (a+bArcCschicx]) 2e (d+ex?)*? (a+bArcCsch[cx])
N _
5dx° 15d? x3
e
(b c® (24c*d®-19c*de-31e?) x+/d+ex® EllipticE[ArcTan[cx], 1- T} /
c-d
d+ex?
225d2\/—c2x2 \/—1—c2x2 LA LN
d(1+c?x?)
e
(Zbe(6c4d2—4c2de715e2)Xx/dJrex2 EllipticF[Ar‘cTan[cx},l—T] /
ccd

225d3\/—c2x2 \/—l—czx2

Result (type 8, 25leaves):
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dx
6

J\/d +ex? (a+bArcCschlcx])

X

Problem 128: Result unnecessarily involves higher level functions.

Jx3 (d+ex2)3/2 (a+bArcCsch[cx]) dx

Optimal (type 3, 384 leaves, 12 steps):

b(3c*d?+38c2de-25e?) xV-1-c2x? Vd+ex?

- +

560 c® e/ -c2x2
b(13c2d—25e)xx/m(dJrexz)g'/2 bxx/ﬁ(dJrexz)S/2
840 3 e/-c2x2 + 42cer/-c2x?
d(d+ex?)®? (a+bArcCschcx]) . (d+ex2)7/2 (a+bArcCschicx]) i
5 e? 7 e?

b(35c5d3+35c4d2e—63c2de2+2593)xAr‘cTan[ﬁ 'LCZXZ} 2bcd7/2xAr‘cTan[@]

cfdiex? NERVIER=IE)
560 c6 e3/2+/-c2 x? 35e2/-c2x2

Result (type 6, 687 leaves):
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c? x?

N =

1
[- (35c®d>+35c*d?e-63c2de?+25e%) AppellFi[1, —, =, 2, -c* X2, - —|
2 d

R 1 3 1 d 31 1 d
(c dAppellF1[2, =, =, 3, - , - ——| +eAppellFi[2, =, =, 3, - s -+
2 2 c? x? e x? 2 2 c? x? e x?
4 AppellFi[1 i ! i}
pp ) 21 2) 3 7C2 X2) 7eX2

((35c6d2e2x2—63c“de3x2+25c2e4x2+c8d3 (—32d+35ex2))

2

1 ex 1 3
AppellFl[1, =, =, 2, -c2x?, - ——| +8c®d>x? |e AppellF1[2, —, =,
2 d 2 2

N |

2,2

, ., ex? , 3 1 ex
3, -Cc°x%, —7} +C dAppellFl[z, —, —, 3, —C° X%, —7]
d 2 2

1 1 1 d
[280 e (1+c*x?) /d+ex? |-4c?ex?AppellFl[1, —, =, 2, - y -]+
272 c? x? e x?
R 1 3 1 d 3 1 d
c*dAppellFi[2, =, =, 3, - , - ——| +eAppellFi[2, =, =, 3, - -—]
2 2 c? x? e x? 2 2 c? x? e x?

e x?
J2)7CX17 }

, 13
+x? |eAppellF1[2, =, =, 3, - x?, - ——
2 2

1 1
[4d AppellF1[1, =, =
272

3 1
c>dAppellF1[2, =, =, 3, -c*x%, - —|
2 2 d

#xldJrexz -48ac’® (2d75ex2) (d+ex2)2+be

1680 c® e?

(75e2—2c2e (82d+25ex2) +c? (57d2+106dex2+40e2x4>) -

48bc> (2d-5ex?) (d+ex2)2Ar‘cCsch[c x]

Problem 129: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jx (d+ex2)3/2 (a+bArcCsch[cx]) dx

Optimal (type 3, 270leaves, 10 steps):
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+

b(7c2d-3e)xV-1-c2x? /d+ex?
403/ -c2x?
bx+-1-c2x2 (d+ex2>3/2 .
5e

20c -c?x?
b (15c*d?-10c*de+3e?) xAr‘cTan[@} bcd5/2xAr‘cTan[@]
Ad A -1-c2x?

c+/d+ex?
+
5e/-c?x?

(d+ex?)*? (a+bArcCschicx])
.

40 c*e /-2 x?

Result (type 6, 610leaves):

3 4 42 2 2 1 1 2,2 eXZ
bd x> |- (15c*d*>-18c>de+3e?) AppellFl[1, —, =, 2, -c* X%, - —— |
2 x2 22 d
. 1 3 1 d 31 1 d
(c d AppellF1[2, =, =, 3, - , - ——| +eAppellFi[2, =, =, 3, - - —— |+
2 2 c? x2 e x? 2 2 c? x? e x?
1 1 1 d
4 AppellFi[1, =, —, 2, - , - —
2 2 c? x? e x?
4 2,2 2 A3 2 6 42 2 1 1 2,2 eX2
(-16c*de?x?*+3c*e’x?+c®d® (-8d+15ex?)) AppellF1[1, —, —, 2, -c®x?, - — | +
2 2
1 3 e x?
2c®d?x? |eAppellFl(2, —, =, 3, -c2x?, - ——| +
2 2 d
5 3 1 , ., ex?
c?dAppellFl[2, =, =, 3, -c? X2, - ] /
2 2 d
1 1 1 d
[20(:3 (1+c®x) Jdrex? -4 c?ex?AppellFi[1, =, =, 2, - -—]+
2 2 c2 x? e x?
, 1 3 1 3 1 1 d
c?dAppellFi[2, —, =, 3, - - ——| +eAppellFi[2, =, —, 3, - » -]
2 2 c? x2 ex 2 2 c? x2 e x?
11 , ., ex?
-4dAppellFl[1, =, =, 2, -2 x%, - — | +
2 2
5 1 3 _— 2 5 3 1 , ., ex?
X eAppellFl[Z, -, —, 3, —Cc° x5, —7] +C dAppellFl[Z, —, —, 3, —C° X%, - }
2 2 2 2 d
1 1
Jd+ex? |8ac® (dvex?)?+be [1+ x (-3e+c? (9d+2ex?)) +
40c3e 2 x?

8bc? (d +ex2)2Ar‘cCsch[c x]

Problem 136: Unable to integrate problem.

(d+ex?)*? (a+bArcCsch[cx])

J :

dx
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Optimal (type 4, 492 leaves, 9 steps):
bc® (8c*d*-23c?de+23e?) x2\/d+ex?
75dV-c2x2 \/-1-c2x?
bc(8c*d?-23c2de+23e?) V-1-c2x? Vd+ex? 4bc(c?d-2e)V-1-c2x2 Vd+ex?

+

+

75d+ -c? x? 75 x? /- c? x?
bcV-1-c2x? (d+ex?)?? (d+ex?)”? (a+bArcCsch[cx])
25 x4/ -c2x? 5dx
e
(b ¢’ (8c*d*-23c’de+23e’) x+/d+ex® EllipticE[ArcTan[cx], 1- 2—] /
ccd
d+ex?
75d~/-c2x? -1k | — S5 |
d(1+c?x?)
e
(be (4c*d?®-11c*de+15€e?) x+/d+ex® EllipticF[ArcTan[cX], 1—2—})/
c-d

75d2\/—c2x2 \/—1—c2x2

Result (type 8, 25leaves):

dx

J(d+ex2)3/2 (a+bArcCsch[cx])

x6

Problem 137: Unable to integrate problem.

(d+ex?)®? (a+bArcCschicx])
J dx

x8

Optimal (type 4, 643 leaves, 10 steps):
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bc3 (240c5d3—528c4d2e+193c2de2+247e3) x2+/d+ex? 1

3675d2+v -c2x2 \/-1-c2x2 3675 d? v/ - 2 x2
bc(240c6d3—528c4d2e+193c2de2+247e3)\/—1—c2x2 \/d+ex2 +
bc(120c*d?-159c2de-37e?) V/-1-c2x? /d+ex?

3675d x2 /-2 x?
bc(30c2d—11e>\/ﬁ(dJrexz)g'/2 bcx/ﬁ(dJrexz)S/2
1225d x* v/ -c2x? ) 49dx5+/-c2x?
(d+ex?)*? (a+bArcCschicx]) +2e (d+ex?)*? (a+bArcCschlcx]) .
7dx’ 35d? x°
(b c? (240 c®d®-528c*d?e+193 c*de? +247 ) x+/d+ex? EllipticE[ArcTan[cx], 1- i] /

3675 o|2\/7<:2x2 \/—1—c2 x?

e
(be (126 c®d®-249 c*d?> e+ 71 c*d e’ + 218 €*) x+/d+ex® EllipticF|[ArcTan[cx], 1- 2—]
ccd

/

3675 d3\/—c2x2 \/—1—c2x2

Result (type 8, 25leaves):

dx

J(d+ex2)3/2 (a+bArcCsch[cx])
8

X

Problem 138: Result unnecessarily involves higher level functions.

JXS (a+bArcCsch[cx]) 5
X

Vd+ex?

Optimal (type 3, 329 leaves, 11 steps):
b (19c2d+9e) xV-1-c2x2 \/d+ex?

+

120 c3e2/-c2x?
bxx/m(d+ex2)3/2 dzx/m<a+bAr'cCsch[cx])
ocer &
2d (d+ex?)¥? (a+bArcCsch(cx]) (d+ex?)*? (a+bArcCschlcx])
3¢3 ' 5e3 '

b (45c*d*+10c*de+9e?) xAr‘cTan[ﬁ et ] 8bcd5/2xAr‘cTan{@

cy/d+ex? Vd A -1-c2x?
+
120 c*e%2/-c?2 x? 15e3+/ -c? x?

Result (type 6, 637 leaves):
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N |
-
N |
-
N
-

I
0
N
x
N
-
I

11 e x?
((10c4de2x2+9c2 e*x?+c®d? (-64d+45ex?)) AppellF11, —, —, 2, -c*x*, - —— | +
2 2
1 3 e x?
16 c®d>x? |eAppellF1(2, =, =, 3, - X%, - — | +
2 2 d
2 31 , ., ex?
c®dAppellF1[2, =, =, 3, -c2x?, - —| /
2 2 d
3.2 2.2 2 2442 11 d
60’ e? (1+c*x?) \/d+ex? |-4c?ex?AppellFl[1, —, =, 2, - -—]+
2 2 c? x? e x?
, 13 1 d 301 1 d
c®dAppellF1[2, =, =, 3, - , -——] +eAppellF1[2, =, =, 3, - R
2 2 c? x? e x? 2 2 c? x? e x?

e x?

1
[4dAppe11F1[1, =2, -2, -]+
2 d

N |

2

1 3 e x 3 1 e x2
x2 (eAppellFl[Z, =, =53, -c2x%, - ——| +c*dAppellF1[2, =, —, 3, -c2X?, —}JJ] +
2 2 d 2 2 d
1
————/d+ex? 8ac3(8d274dex2+3e2x4)+
120 c3 e3

- x(—9e+c2 (—13d+66x2)>+
c? X

8bc® (8d°-4dex®+3e®x*) ArcCsch[c x]

Problem 139: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

JXS (a+bArcCsch[cx])
Vd+ex?
Optimal (type 3, 229 leaves, 10 steps):
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dvVd+ex? (a+bArcCschlcx]) (d +ex2)3/2 (a+bArcCschcx])

+

bxv-1-c2x2 +/d+ex?
B 2 3e2

6ce-c?x? e
3d+ex2 ]

b(3ctd+e) xAr‘cTan[ﬁ et | 2bcd*2xArcTan|
c+/d+e x? Vd A -1-c2x?
6 c2e3/2+/_c?x? 3e2+/-c2x?

Result (type 6, 560 leaves):

1 1 1
-||bd |1+ X |- (3c*d+e) AppellF1[1, =, =, 2, -c*x?, - ——]
c? x? 2 2 d
, 1 3 1 d 301 1 d
(c d AppellF1[2, =, =, 3, - , - ——| +eAppellFi[2, =, =, 3, - ,-— 1|+
2 2 c? x? e x? 2 2 c? x? e x?
1 1 1 d
4 AppellFi[1, —, —, 2, - y -] ((c2e2x2+c4d (-4d+3ex?))
2 2 c? x? e x?
1 1 e x? 1 3
AppellF1[1, =, =, 2, -c2x?, - ——| +c*dx? (eAppellFl[Z, =, =, 3,
2 2 d 2 2
e x? 3 1 e x2
-c2x?, - ——] +c*dAppellF1[2, =, =, 3, -c2x?, - —| ]J /
d 2 2
1 1 1 d
3ce (1+c2x?) A/d+ex? -4 c?ex?AppellFi[1, =, =, 2, - ,—— |+
2 2 c? x? e x?
, 13 1 d 301 1 d
c*dAppellF1[2, =, =, 3, - , - ——| +eAppellF1[2, =, =, 3, - -—
2 2 c? x? e x? 2 2 c? x? e x?

e x? 1 3
» 2, —cix?, -] + % (eAppellFl[z, =, 5,3, -c?2x?, - —
2 2

1 1
[4d AppellF1[1, =, =
272

3 1
c®dAppellF1[2, =, =, 3, -c*x%, - —|
2 2

1
\Jd+ex? |-4acd+be

6ce?

ArcCsch[c x]

Problem 140: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

jx (a+bArcCsch[cx])
Vd+ex?
Optimal (type 3, 135leaves, 9steps):
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ber‘cTan[ﬁ ety ] bC\/?xAr‘cTan[Lmexz ]
Vd+ex? <a+bAr‘cCsch[cx}) c[drex? NERVEWEN

+ +

e Ve V-2 x? e -c2x?
Result (type 6, 271 leaves):

1 2 2
\Jd+ex? AppellFl[l, 71, 1, i, M, 1+c?x?| /
2

2 2 -c?d+e

C2 X2

1 1 3 e (l+c?x?)
T T T 1: Y
2 2 2 -c2d+e

5 e (1+c2x2)

cex |3 (c®d-e) AppellF1]| , 1+ x?] +

+C°X 2 (c“d-e) AppellF1|—, - —, 2, —, ,l+rcox |+
14c2x2 2 3 1 2,2
2 2 2 -c?d+e
3 1 5 e(1+c2x2) Vd+ex? (a+bAr~cCsch[cx])
eAppellFl][ =, =, 1, =, —————, 1+ c?x?] +
2 2 2 -c2d+e e

Problem 146: Unable to integrate problem.

a+bArcCsch[cx]
j dx

x*vVd+ex?
Optimal (type 4, 425leaves, 8 steps):
bc® (2c2d+5e) x?/d+ex? bc(2c2d+5e)V-1-c2x? Vd+ex?

+

9d2v/-c2x? V-1-c2x? 9d2+/-c2x?
bcvV-1-c2x2 V/d+ex2 Vd+ex? (a+bArcCschicx]) 2e+vd+ex® (a+bArcCschicx])
- + +
9dx%+/-c?x? 3dx3 3d2x
bc? (2c?d+5e) xV/d+ex? EllipticE[ArcTan[cx], 1- fd}
C
2./ 292 /1 _ 242 drex?
9d>V/-c?x* V-1-c*x PR

be (c?d+6e) x\d+ex* EllipticF|[ArcTan[cx], 1- =]

c?d

9d3v/-c2x2 V-1 c2x2 —deext
d (1+c?x?)

Result (type 8, 25leaves):
Ja +bArcCsch[c x]

x*Vd+ex?

X
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Problem 147: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

st (a+bArcCsch[cx])

(d+ex2)3/2

dx

Optimal (type 3, 256 leaves, 10 steps):
bxvV-1-c2x2 Vd+ex? d?(a+bArcCschicx])

6cer/-c2x2 e3/d+ex?
2dVd+ex? (a+bArcCschlcx]) (d+ex2>3/2 (a+bArcCsch[cx])
e3 ’ 363 -
b(9ctd+e) xAr‘cTan[@} 8bcd3/2xArcTan[4@
c+/d+ex? \/(Tm
6c2e’/2/-c2x? 3e3/-c?x?

Result (type 6, 592 leaves):
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1 1 e x?
bd x> |- (9c?d+e) AppellF1[1, —, =, 2, -c*x*, - ——|
2 2
2 x 272
2 d AppellF1|2 133 ! i] AppellF1[2 2,1 ! i]
(C ppe 12) 2: J*CZXZJ’eXZ + e Appe JZJ 2: :*CZXZJ’eXZ +
1 1 1 d 2 A2 2 4 2
4 AppellFi[1, —, —, 2, - -——] [(c?e’x®+c*d (-16d+9ex?))
22 c? x? e x?
1 1 , ., ex? 4o 1 3
AppellF1[1, =, =, 2, -c?x?, - ——| +4c*dx? |eAppellF1[2, —, =, 3,
22 d 272

e x? 3 1 e x2
-c?x?, —7] +c2dAppellF1[2, =, 5,3, -c?x?%, —7] ]) /
d 2 2
1 1 1 d
3ce? (1+c2x?) \Jd+ex? |-4c?ex?AppellFl[1, —, =, 2, - , -]+
202 c? x? e x?
, 1 3 1 1 1 d
c*dAppellFi[2, =, =, 3, - - ——| +eAppellF1[2, =, =, 3, - -—
2 2 c? x? ex 2 2 c? x? e x?
1 1 e x? 1 e x?
[—4dAppellF1[1, =, 5,2, —ctx?, - | +x? (eAppellFl[Z, =, =, 3, -c%x?, - |+
2 2 2

1

6ce3\/d+ex?

a
c
(8d*+4dex®-e*x?) -2
b

c

(8d*+4dex®-e*x*)

ArcCsch[c x]

Problem 148: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.

x> (a+bArcCsch[cx])
j (d+ex2)3/2

Optimal (type 3, 160 leaves, 9 steps):

dx
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d (a+bArcCschcx]) +d+ex? (a+bArcCschlcx])

+ +
e?vd+ex? e?
ber‘cTan[@] 2bcx/?xAr‘cTan[@]
c+/drex? Vd A -1-c2x?
+
e3/2+/_ 2 2 o2/ _cly2

Result (type 6, 334 leaves):

C2 X2

, 11 1 d , 11
- [(Zc AppellFi[1, =, =, 2, - y -] /[4c e x? AppellF1[1, =, =,
2 2 c? x? e x? 2 2
2 ! i} 2 d AppellFi|2 133 ! L]
’7c2X2’7eX2 7c ppe ) 2) 2) 17C2x2)7EX2 -
3 1 1 1 1 , , ex?
eAppellF1[2, =, =, 3, - -—] ) +AppellF1[1, =, =, 2, -c? X2, 7—}/
272 c2x?  ex? 2 2
1 1 e x? 1 3 e x?
(4dAppe11F1[1, =, =2, —ax, -] =% (eAppellFl[Z, =, =, 3, -c?x?, - |+
2 2 2 2

3 1 e x?
c®dAppellFi[2, =, =, 3, -c2x?, ——}))] /
2 2 d

(2d+ex?) (a+bArcCschcx])

e2+d+ex?

+

e (1+c2x2> \/d+ex?

Problem 149: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JX (a+bArcCsch[cx]) ;
X

(d+ex2)3/2

Optimal (type 3, 82leaves, 4 steps):

bchrcTan[@]
a+bArcCsch[cx] Nd A -1-c2 x?
evVd+ex? Vd e -c2x?

Result (type 6, 192 leaves):
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x> AppellF1[1,

[(1+c2x2) \/m

N |

1 1 d
y 2) - ) *7} /
2 2 x? e x?

1
-4 c?ex?AppellFi[1, -,
2

d . 1
- ——] +c*dAppellFi[2, -,
2

) a+bArcCsch[cx]

evd+ex?

i] e AppellF1[2 201
_CZXZJ_eXZ + pp > 2: 2: >

Problem 155: Unable to integrate problem.

a+bArcCsch[cx]
j )3/2

dx

x2 (d+ex2

Optimal (type 4, 321 leaves, 7 steps):
bc3x2/d+ex? bcvV-1-c2x* Vd+ex* a+bArcCschlcx]
+

d2vV-c2x2 v/-1-c2x? d2/ -c?x? dxVd+ex?
2ex (a+bArcCschicx]) bc2x+/d+ex? EllipticE[ArcTan[cx], 1- i]
- +
d>Vd+ex? @2V X A 12X _ deex®
d (1+c?x?)

2bex~/d+ex? EllipticF[Ar‘cTan[c x],1- %d]
C

B2 Jo1-c2x? _diex®
d(1+czx2)

Result (type 8, 25leaves):
Ja +bArcCsch[c x]

x2 (d+ex2)3/2

dx

Problem 156: Result unnecessarily involves higher level functions.

dx

st (a+bArcCsch[cx])

(d+ex2)5/2

Optimal (type 3, 251 leaves, 10 steps):
bcdx/-1-c2x2 d? (a+bArcCsch[cx]) 2d (a+bArcCschlcx])
3(c2d-e)e2/-2x?* Vd+ex? 3¢ (d+ex?)?? e3\/d+ex?

ber‘cTan[@} 8bc ﬁxArcTan[@}

+

Vd+ex? (a+bArcCschlcx]) cJdrex? Ja1ex
+ +
e3 e5/2 1/ cZy2 3e3+/_cZx2

Result (type 6, 428 leaves):
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-

N
-
|

X3

[(8 2 AppellF1[1 L2 ! —]
- c“ Appe -, = _
T 272 ax’ ex?

3¢e? (1+c2x2) \/d+ex?

a (czd—e) <8d2+12dex2+3e2x4> +

+|bcde

b(c2d-e) (8d*+12dex®+3e’x*) ArcCsch[cx] /(3

(c*d-e)

e3

(d+ex2>3/2)

Problem 157: Result unnecessarily involves higher level functions.

dx

Jx3 (a+bArcCsch[cx])

(d +e XZ) 5/2

Optimal (type 3, 169leaves, 7 steps):

bcxvV-1-c2x? d (a+bArcCschicx])
_ N _
3(c2d-e)eV-c2x? Vd+ex? 3e? (d+ex?)’?
2bchr‘cTan[@]
a+bArcCschcx] Vd A -1-c2x?
e2+/d+ex? 3+/d e2+/-c2x?

Result (type 6, 273 leaves):
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1 1 d
y 2) - ) *7} /
2 2 x? e x?

1 1
3e (1+c?x%) \Jd+ex? (—4c2ex2AppellF1[1, >y 2, - ——, 7—2] +
2 x ex

N |

x> AppellF1[1,

1

d 3 1
- ——] +eAppellF1[2, =, =, 3, -
2 2

2 -
c?d AppellFi|2, o ag

N |

3
:_13)
2

(3e2 (-c*d+e) (d+ex2)3/2)

Problem 158: Result unnecessarily involves higher level functions.

dx

JX (a+bArcCschicx])

(d+ex2)5/2

Optimal (type 3, 144 leaves, 5steps):

b chr‘cTan[@]
bex/-1-c?x? a+bArcCsch[cx] NERVEEIE

3e(d+ex2)3/2 3d3/2e/-c?2x?

3d (c2d-e) V-e2x2 Jdrex?

Result (type 6, 257 leaves):

3

1 d
12)_ )_—} /
c? x? e x?

1 1
3d (1+c?x?) \/d+ex? (-4c2ex2Appe11F1[1, >y 2, -~ 2,——2]+
Cc* X e X

N | =
N |

x? AppellFi|1,

X 1 3
c?dAppellFi[2, =, =, 3, - ,
22 c?x? e x2

ad(-c*d+e) +bce x (d+ex?) +bd (-c*d+e) ArcCsch[cx] /

c? x?

(Bd (c?d-e)e <d+ex2)3/2)

Problem 164: Unable to integrate problem.

Ja +bArcCsch[c x]

<d+ex2)5/2

dx

Optimal (type 4, 278 leaves, 5 steps):
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x (a+bArcCsch{cx]) 2x (a+bArcCschicx])

.
3d(d+ex2)3/2 3d2+/d+ex?
bce xV-1-c2x? ElllptlcE[Ar‘cTan[L} 1—i]

3d¥2 (c?d-e) V-c / ::sz Vd+ex?

b(3c2d-2e) x/d+ex? EllipticF|[ArcTan[cx], 1- -]

cd

3 (c2d- “c2x2 A/_1_c2x2? _drex?
3d (cd e)\/cx V-o1-e2x Te ]

Result (type 8, 22 leaves):
Ja +bArcCsch[c x]

<d+ex2)5/2

dx
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Summary of Integration Test Results

178 integration problems

A - 115 optimal antiderivatives

B - 2 more than twice size of optimal antiderivatives
C - 54 unnecessarily complex antiderivatives

D - 7 unable tointegrate problems

E - Ointegration timeouts



